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Paeéace

When we started working on this textbook, there were some questions that needed to be
addressed like what can be done to make the book more interesting, readable and useful? Why
should a concept or unit be included in the book? What sort of skills do we want to develop in
the children? Can the book help to increase the participation of children in the process of
learning mathematics.

While pondering over these questions, a lot of ideas came which were kept in mind
while selecting the units. Then the chapters were decided, which were regularly reviewed.
Every time some issues were encountered and the chapter was rewritten. In the present edition,
simple colloquial language is used. The technical terms been contextualised for the
understanding the meaning. Secondly, no rule or principle has directly been stated. Effort has
been made to keep the thought process going. While reading the chapters the children are
encouraged to discuss logically, listen to each other and then go ahead. We have tried
incorporate the historical background so that the children might be acquainted with the growth
and development of mathematics in almost all the units.

Most of the chapters begin with some interesting examples related to real life. The
concepts have been developed gradually and follow an interactive mode. Simple questions
based on a concepts have been solved to explain those concepts, then new situations have
been created, which connect them to more difficult concepts, so that children are able to
understand the concepts and apply them when needed. In this whole process a lot of
mathematical skills like, understanding the abstract ideas, expressing them through
mathematical symbols, explaining logically, giving proof, reaching to a conclusion,
understanding and using appropriate language while defining, etc., have been developed.

Besides these there are several important things that help making the textbook useful.
We have tried to incorporate those in this book. Please read and recognize them. If you feel
there is a need to improve something, please do inform us. Your suggestions will help to make
the book more useful.

We have received ample guidance and help from Vidya Bhawan Society, Udaipur,
Saraswati Educational Institute, Chhattisgarh and Azim Premji Foundation in preparing this
book. The council is grateful to them.

Director

S.C.E.R.T. Chhattisgarh
Raipur
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The secondary classes being the final period of general education, the expectation would
be a to integrate the mathematical understanding and capability that we want to have in
all citizens. The National Curriculum Framework enlarges the scope of this to include
aspects of mathematization as an ability not restricted to solving mathematical problem
given in the textbook. It goes beyond the obvious utility in daily life and is expected to
enrich the scope of thought and visualization available to the student.

The Secondary school mathematics, therefore, on the one hand, needs to focus on
consolidation of the conceptual edifice that has been initiated in classes 6 to 8 but also take
it forward to help the child explore wider connection and deeper understanding.

The logical formulation and the arguments included in each step along with the
precision of presentation are of value to engage with the world in more forceful manner.
The broad description of purpose of mathematics for secondary classes, therefore,
includes elaborating and consolidating the conceptual edifice, the ability to make logical
arguments, the precise and concise formulation of ideas, ability to perceive rules and
generalization and mechanisms to prove them. They must have a sense how to
understand the notion of proof and the need for organized arguments. It also seeks to
expand the ability to visualize, organize and analyze space and spatial transformations.
Going beyond numbers to understanding number system in the abstract, forming general
rules about numbers, understanding variables and equalities and learning to understand
what solutions mean. These are just a few examples of the areas that are covered in the
syllabus.

If we talk about the portion of mathematics mentioned in the N.C.F. 2005, we find
it impresses on the need to develop an understanding of mathematics and ability to use it
in all situations. It also means developing abilities in the learner that would influence
his/her life in wider spheres. Mathematics has to move from expecting children to do
unnecessarily complex calculations and move toward expecting her/him to reason
logically because as a mathematics student she/he needs to understand how mathematics
works rather than become an adept calculator or efficient book keeper. Not only she/he
must engage with concepts but also enjoy the problems she/he is solving and the tasks that
she/he is undertaking. Her/his ability to understand problems and find a way to solve
them needs to be built upon so that she/he develops a confidence of being able to attempt
any new problem she/he comes across. This does not mean that exercises given in the book
or in the classrooms are those that go along the beaten track and are replete with different
degree of mechanical complexity rather than they help the child explore the concepts and
develop framework for it.



To develop the capacity to solve problems at this stage is important. While it has
already been said that the learner should enjoy solving a problem, it also needs to be
emphasized that the objective of solving a problem is not to find one correct answer by
one correct method. It is also important for teachers to help the children find different
approaches to solving problems and learn to realize that many problems have a variety of
solutions. Situations need be created in the classrooms that ask children to construct their
own problems and bring forth their own definitions so as to be able to understand the
question and be able to choose the appropriate concepts and algorithms.

One of the many important things that emerge from the N.C.F. is about how a
mathematics classroom should be. Along with that one point that needs to be mentioned
is the importance of allowing children to share, exchange and develop ideas in a group
jointly. The classes at the secondary stage are particularly important for this because
children at the stage like to interact in groups and if these groups can be formed to
encourage discussion on interesting issues arising from mathematics, then they will be able
to form connections of what is learnt in the school with the real life experiences.

Mathematics in the secondary classes, therefore, has to keep in mind that learners
are being prepared for formulating logical ideas and therefore be given tasks that help
them understand the notion of proof, help them build the ideas necessary to prove
something, understand and absorb basic concepts of mathematics and develop such a
level of confidence in their capability that they learn the mathematical ideas and also use
them.

Key ideas that you as a teacher should have in mind below entering a mathematics
classroom:

« Mathematics is not a subject which should be transacted in the classroom where a
teacher is the active entity and students are passive. Students should be given an
environment where they can talk, share their thoughts and construct their
knowledge.

+ Giving the opportunity to students to talk is also a crucial from point of view of
learning the language. Students should not only be able to communicate their
mathematical ideas using their words and language but should also be able to move
forward in the use of formal language of mathematics using symbols, graphs etc.

« The mathematics that students deal with in secondary level might be abstract but
they should understand the concepts and form connections between them. They
should also be able to make sense of the abstractness to connect with the subject.

» Forteachers, textbook should be used as a tool to refer to and it shouldn't become a
tool which guides the whole learning process. The teacher should decide themselves
of how best they can use this textbook.

Authors
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HISTORY OF MATHEMATICS

It is difficult to tell exactly where and in what form mathematics came into existence. Even
before the existence of oldest written documents, we come across a few pictures or symbols
which indicate towards basic knowledge of math. For example, Palacontologists have
discovered Ochre rocks in the caves of South Africa where some geometrical patterns can
be seen which have been made by etching. It is believed that Ishango bone near Nile River
in Congo is the oldest representation of a series of prime numbers. This might be 20, 000
years old.

Around 5000 B.C., some geometrical spatial designs were depicted by the people
of Egypt. In ancient India, the oldest known knowledge of Mathematics goes back to
3000-2600 B.C. Indus Valley civilization of 1
North India developed a system of same
weights and measures. We also get the proof
of a surprisingly advanced brick technique in
which ratio and proportion was used. Roads
which cut each other at right angles, cuboidal,
conical and cylindrical, circular and triangular
shapes indicate that math was highly developed
at that time. Mohan-jo-daro

The oldest example of Chinese Mathematics goes back to Chang Dynasty (1600-
1046 B.C) where etched on the shells of a tortoise were found. We also get the proof of
written math from Sumerian civilization that developed the oldest civilization of Mesopotamia.
They had developed a very complicated method of measurement science around 3000-
2500 B.C.

Ancient civilizations of Egypt, Greek Babylon and Arabia have contributed a great
deal in the field of Math. After Christ, math has been developed continuously in different
parts of the world. This knowledge has become richer by sharing with each other.

The story of development of math can be gathered from different sources. In class
9% we have included a part of the development of Indian mathematics. Hope it will motivate
you to see and understand how mathematics was developed in the world.



History of Mathematics

Mathematics is the backbone of Science and Technology. Hence, in Vedang Jyotish,
Rishi Lagadh has written:

oIl TR HYRIOMH AT HORIT e |
IS JRITRIRA R effRerer I

Meaning, mathematics adorns the head of all Vedang Shastras(Sciences) like the
plume on top of a peacock's head or the bead on top of the cobra's head.

When we see the history of mathematics, the contribution of India has been very
distinctive and famous. Work on the various branches of mathematics have been done since
the ancient times in India. We will discuss the same briefly.

Arithmetic: Arithmetic is the main branch of mathematics. Its usage can be seen a
lot in the day to day affairs. The basis of Arithmetic is the Number system in which zero has
aspecial position.

Discovery of zero: The concept of zero is very much a part of the Vedas. In the
Richa of Yajurveda, chapter 40, Verse 17 'Aum kham brahma' has used the word 'kham'.
The word 'kham' indicates the sky and also Shunya (zero). So in books like the Jyotish, the
word 'kham' has been used to indicate zero.

Bhaskaracharya, in his book Lilawati has used 'kham' as a zero in Shunya

Parikarmaashtak (=1 UR&GATCH).
AREETOH, GG, wrforar  <af: |
e W, GV W, GoReed Ay | |

On adding any number to zero, the sum is the number itself. The square,cube etc. of
zero is zero. If any number is divided by zero, the denominator of that numeric is zero. On
multiplying a number by zero, the product is zero.

Note: Shlokas have just been given in context of the Vedic hymn and so would not
be desirable to ask to be quoted in the examination.
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The credit of conceptualizing zero, has been given to the great Sanskrit Grammarian,
Panini (500 B.C.) and to Pingal (200 B.C.) We also find a reference to the discovery of
zero being made by Vedic Rishi Grutsamad.

The first proof of the symbol assigned to zero has been found in the Bakshaali
Pandulipi (300- 400 AD). The existence of zero and its symbol in the number system of
ancient India have been the most important contribution.

Prof. GB.Halstead has said:-

""None of the concepts in Mathematics have proved to be as important as zero for
the development of the brain and brawn."

Number System: Since ancient times, various countries have been using different methods
of representing numbers. Devnagri, Roman and Hindu-Arabic systems are some which we
have studied before. We will now see the historical background of these.

Prof.Guinsberg says: Around 770 C.E. a Hindu Scholar by the name of Kank was
invited to the famous court of Baghdad by Abbasayyed Khaleefa Alamansur. In this way
the Hindu numeric system came to Arabia. Kank taught Astrological Science and
Mathematics to the Arab Scholars. With Kank's help, they also translated Brahmagupta's
"Brahmasphut Siddhanta" into Arabic.

The discovery of French Scholar, M.F.Nau, proves that in the mid 7th century,
Hindu numerics were well known in Syria and they were considered praiseworthy.

B.B.Dutt says: "The Indian number system went slowly from Arabia, Egypt and
Northern Arabia towards Europe and by eleventh century it had completely reached Europe.
Europeans referred to them as Arabic numbers because they had got them from Arabia, but
the Arabs were unanimous in acknowledging them as Hindu Numbers (Al- Arkaan Al-

nn

Hindu). These ten numbers were referred to by the Arabs as "Hindsa".

Place Value: To express any number using ten digits, including zero and to give each digit
a face value and place value has made this number system scientific. The place value system
is the specialty of the modern number system( the Hindu-Arabic system).

The great French Mathematician, Pierre Laplace has written: It was India that gave
us an excellent system of expressing every number using the ten digits( where each digit has
a face and a place value). The base of the decimal system is ten. That is the reason this
system is called the Metric or the Decimal number system.

History of Hindu Numerals and big numbers: The Hindu numerals developed as follows:
¢ Kharoshthi System (fourth century b.c.) * Brahmi system (third century b.c.)
» Gwalior system(ninth century) * Devnagri system(eleventh century)

* Modern system



From fourth century B.C. to second century A.D., one can find the use of the
Kharoshthi system. In the Brahmi system, besides ten, multipliers of ten till hundred and
multipliers of hundred upto nine hundred have been found.

In Yajurveda Samhita, Ramayan and religious books thereafter have given numbers
from 1 to 10> different names:

* Niyutam 10" * Utsang 10?! * Hetuheelam 10°!
* Nitravaadyam 10* * Tallakshana 10>

Introduction to Coded Numbers (6T@): When an alphabet is used to represent a
number, it is called a "coded" number. Ancient Mathematicians had used this concept to
express numbers. The use of which can be seen in the Astrology and other vedic books.

« Alphanumeric (9U1T®) system + Shabdank (3TeGTeh) system
* Vyanjanank (&GTIdh) system

Algebra: There are quite a few similarities in the formation and principles of Algebra
and Arithmetic. The major difference in these two is Arithmetic deals with expressed (known)
quantities and Algebra deals with unexpressed (unknown) quantities. By unexpressed
quantities we mean quantities that are not known in the beginning. This is known as an
algebraic quantity, and so the branch is Unexpressed Mathematics or Algebra.

The use of Algebra can be seen in era of Shulvsutras when there came up several
problems while constructing of Yajna altars(vedis), requiring the use of finding solutions to
linear and infinite equations. The contribution of Aryabhatt is creditable in both the fields of
Arithmetic as well as Algebra. Algebra developed as an independent branch right during the
time of Brahmagupta. It is also known as Coded Mathematics or Implicit Mathematics.
Mathematician called Pruthudak swami (860 CE) named it Beej Ganit.

Geometry: When we see the history of Indian Mathematics, we realize that the base of
Geometry had been already laid during the Vedic Period. We get to see the mathematics in
a Vedang named "Kalp" in the form of Shulvasutras. The rope used in measuring the altars
was known as shulva. Sutra means to express the information in the precise form. The
shulva sutras were named after their creators - Baudhayan, Aapstambha, Kaatyaayan,
Maanav, Maitraayan etc. The shulvasutras contain the information of how to make vedis
(altars) of different shapes: ¢ Garun Vedi » Koorma Vedi * Shri Yantra

The examples of the shulvasutras geometry are as follows:-
The formation of triangles, squares, rectangles and other complicated geometrical

shapes, forming such geometrical shapes whose area are equal to the sum or difference of
the areas of some given shapes.

The contributions made by Aryabhatt (476-550 CE), Brahmagupta (600 CE),
Bhaskar first(629 CE), Mahavir (850 CE) in the field of Geometry have been commendable.
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BaudhayanTheorem

e IR AU Iog]: uredH fode Al 4 |
Id YA FHook aq SHI BRI (BT & Fe) | |

Il 48 (1) dEma g G| |

Meaning: The area of the square drawn on the diagonal of a rectangle is
equal to the sum of the areas of the squares drawn on the two sides of the
rectangle. We know that the diagonal of the rectangle divides it into two right
angled triangles and in such a right angled triangle, the square of the hypotenuse
is equal to the sum of the squares of the remaining two sides.

This relation between the sides of the right angled triangle has been known as the
Pythagoras Theorem. However, in the book by Dr. Brijmohan - History of Mathematics
(page 243), there is a reference that now a lot of historians agree that this Pythagoras
Theorem was known to the shulva sutra writers some hundreds of years prior to the birth of
Pythagoras. The life of the Greek philosopher Pythagoras is believed to have been from
572 B.C.t0 501 B.C. Whereas Indian Mathematician Baudhayan has described this theorem
in great detail several years before that. Hence this theorem is in fact the Baudhayan Theorem.
Or also known as Shulva Theorem.

Indian history of Pi (r) :

1 Aryabhatt (476 - 550 AD) was the first Mathematician to give a reasonably close
estimate of the value of Pi (m) which is the ratio of the circumference and diameter.

FRIEDHH AT GITCIAT HSEHATOMH |
IYAgd fIsHnY =T goa URuTE: ||
Add 4 to 100, multiply the sum by 8 and add it to 62000. This sum will be

approximately the circumference of a circle whose diameter is 20000 that is a circle with
20000 diameter will have a circumference of 62832.

Circumference 62832
Diameter 20000

Pi(n)=

Thus, according to him, Pi=3.1416, which is correct upto four decimals even today.

?2) Bhaskaracharya (1114-1193 AD) has given the value of Pi in his Granth Leelawati.
A AR &4 fave e g a9 e |
griderforet fagdseriel: WRJAISYARATE FAER AR: | |

If you multiply the diameter by 3927 and divide this by 1250, we get the precise
circumference. Or if we multiply the diameter by 22 and divide that by 7 we get a useable
approximate value of the circumference.




3) Swaamibharti Krishnateertha(1884-1960 A.D.) has given the value of pi/10 in
the well known Anushtup verses, using the alphabets as codes:

T AR gTd—% Rrena e fonT |
TSI QAT TeTelell YEeR | |

According to swamiji, there can be three useful interpretations of these verses. In
the first interpretation, it is a praise of the Lord Krishna. In the second interpretation, it can
be considered the praise of Lord Shiva and the third interpretation is that it is the value of pi/
10 correct upto 32 decimal places.

n/10=031415926535897932384626433832792

4 Shrinivas Ramanujan (1887-1920 AD) The first research paper published in
Europe by Ramanujan was titled "Modular equation and approximation to ". He
found several formulae to get the approximate value of .

Trigonometry: Trigonometry is that branch of Mathematics in which the relation between
the sides and angles of a triangle are studied. This is a very old and important branch of
Mathematics. The use of this knowledge is made in calculating the positions of the planets in
Indian astrology and astronomy.

The ancient Indian Mathematicians like Aryabhatt, Varahmihira and Brahmagupta
made significant contributions to this field.

You can see the description of the trigonometric concepts, formulae and statements
in "Soorya Siddhanta"(400 AD), in the Panch Siddhanta by Varahmihira and in Brahmasphoot
Siddhanta(630 AD) by Brahmagupta.

There is a clear reference in the book by Dr. Brijmohan, "History of Mathematics"
(Page 314), that there is no doubt that three of the trigonometric functions have been defined
first by the Hindus.

Aaryabhatt was the first to have used the word 'jya' (around 510 AD). He was also
the first to give the tables related to jya and utkram jya (ujjya).

So the word 'jya' went from India to Arab countries, where it became 'Jeeba'. After
a while this became 'Jaib'. In Arabic 'jaib' means 'breast' or 'bust'. When the translations
were made into Latin in 1150 AD, 'jaib' was replaced by 'Sinus', which has the same meaning
in Latin is also breast.

Brahmagupta used the word 'kramjya' to imply jya. It was so named to differentiate
it from 'utkram jya'. In Arabic this was then converted to 'karaj'. Alkhwarijamee also used
'karaj'. Indian jya and kotijyaa became sine and cosine in European languages.

The use of trigonometry is seen in Astrology, Astronomy, Engineering and Navigation
as also in the study of heights and distances.
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- Excercise - 1.1
Q.1.  Match the following:

Bharti Krishnateertha Brahmasphoot Siddhanta
Varahamihira Siddhanta Shiromani
Brahmagupta Aaryabhatiya
Bhaskaracharya Panch Siddhanta
Aaryabhatt Vedic Mathematics

Q.2. Fillintheblanks:
1. The word used for the sky and zero was
2. Tallakshana was used to denote the number
3. The alphanumeric system was used by the Mathematician

in his book

4. was also known as Implicit Mathematics.
5. Vedic Mathematics have the Sutras.

Q.3 Write the importance of the Modern Number system.

Q.4 Write a few points on the discovery of zero.

Q.5  Giveabriefdescription of the Alphanumeric system.

Q.6 Whatis the Baudhaayan Theorem?

Q.7  Write the contribution of Aaryabhatt in the estimation of 7.

Q.8  Write the name of the creator of Vedic Mathematics. Also give a brief description of
its contents.

Activity:
(1) Form a Mathematics Society in your school.

) Make a collection of Mathematical books in your school.

3) Develop a Mathematical Laboratory in your school.

Simple techniques for multiplication: We are going to study some simple multiplying
techniques, before which we shall obtain a brief introduction of the book and its researcher
mathematician.

The unparalleled mathematician, Swami Bharti Krishna Teertha Shankaraachrya
Govardhanmath Jagganaathpuri (1884-1960 AD) created a book named "Vedic Mathematics"
and thus made an innovative contribution.



In this book, he has described 16 exceptional sutras and 13 upsutras with their
properties and experiments. This book has 40 chapters. It has been presented with a very
unique viewpoint.

Digit sum (§1577%): When you obtain a single digit after adding the different digits
in a number, that is known as its Digit sum.

ExampLe-1.  Find the Digit sum of 10, 11,321and 78

Sorution :  Digitsumof10=>1+0 =1
Digitsumofll =>1+1 =2
Digitsumof32123+2+1-26

Digit sum of 78 = 7+ 8 = 15, but 15 is not a Digit sum, so we have to add
these digits further 1 +5 = 6, hence the Digit sum of 78 is 6

ExampLe-2.  Find the Digit sum of 8756904
SOLUTION :
Method 1:  Add all the digits of the given number.

8+7+5+6+9+0+4=39, again adding these we get 3 +9 =12,
further adding, we get, 1+2 =3, which is the Digit sum.

Method 2:  Consecutively keep adding the digits until you get a single digit number.
8+7—=> 15=> 1+5-> 6+5—-> 11—=> 1+1=> 246> 8+9-> 17—
1+7> 8+0—~> 8+4—-> 12— 1+2-> 3isthe Digitsum.

Method 3: Inspect the digits of the number 8756904, Add the digits besides 0,9 and other
pair which adds to give 9i.e4+ 5,508+ 7+ 6 = 21 =2 + 1 =3 is the Digit sum.

Points to be noted when finding a Digit sum:

(1 As soon as you add the digits, if you get a two digit number, add the digits further to
obtain the Digit sum.

2) Adding 0 and 9 or leaving them out, will not affect the Digit sum.

3) The Digit sum of a number is actually the remainder left when you divide the number
by 9. Thus finding a Digit sum is the same as dividing the number by 9 and finding
the remainder.

4) A number whose Digit sum is 9, is completely divisible by 9. In that case the Digit
sum of the number is 9 not 0.

5) We can also test the divisibility of a number by 3. So a number which has a Digit
sum of 3, 6 or 9 will be divisible by 3.

(6) You can also test the solution you have obtained using Digit sum, hence one needs
to have an adequate knowledge of finding Digit sums orally.



Q.1  What do you mean by Digit sum?

Q.2 Findthe Digit sum of the following numbers:
15, 38, 88,99, 412, 867, 4852, 9875, 24601, 48956701

Q.3 Whatshould be added to the following numbers to make them divisible by 9?
241, 861, 4441, 83504

Q.4 Write the usefulness of Digit sums.

Use of Digit sums in checking the solutions: In Vedic Mathematics there are several
ways of checking the correctness of a solution. We will see here how Digit sum helps in
checking the correctness of a solution.

Check for additions: The digit sum of the numbers to be added should be = to the sum of

ExamrLe-3.  Find the sum of 3469, 2220 and 1239 and check if the solution is right

Adding:
the digits in the solution.
using Digit sum.
SOLUTION : Check
3469 | 4
2220 6
+ 1239| 6
6928 | 7
Subtraction:

(1) The Digit sums of the numbers are respectively 4, 6 and 6.

(2) The Digit sum of the Digit sums of the numbers is
4+6+6=16> 1+6-> 7

(3) The Digit sum of the sum of the three numbers is
6+9+2+8=25> 2+5->7

(4) Since the Digit sum of both (2) and (3) is 7, hence the
solution is correct.

Check for subtraction : In this the Digit sum of subtracting (below) number + the Digit
sum of the answer = Digit sum of the upper number.

ExamrrLe-4. 7816 -3054. Solve this and check the answer.

SOLUTION : Check

7816
— 3054
4762

4
3
1

(1) The digit sum of the quantity being reduced(lower) is 3
And the Digit sum of the answer 4762 is 1.

(2) The sum ofthe two digitsumsis3+1=4

(3) The digit sum of the upper quantity 7816 is=4.



(4) Since both (2) and (3) have 4 as their digit sum, the answer
is correct.

Multiplication:
Check for multiplication: Digit sum of first number x Digit sum of second number = Digit
sum of the product of the two numbers.
ExampLE-5. 456 % 814. Find the solution and check the answer.
SOLUTION :
456 x 814 (1) 6 x4 =24, the digit sum of whichis 6
1824 (2) The product of numbers is 371184, the Digit sum of which

4560 is6
364800 (3) Since (1) and (2) are the same digit sums that is 6, the
371184 answer is correct.

Another way of putting this is

Digit sum of the
product
ofaandb=c

Digit sum of
6x4=24
is6

Digit sum of
the First
number ‘a’

Digit sum of the
second number ‘b’

Digitsum of

the answer ‘d’

If ‘c’ and °d’ are different then the answer is definitely wrong.
Division:
Check for division : Digit sum of the dividend = ( Digit sum of divisor x digit sum of

quotient) + Digit sum of remainder

ExampLe-6. 7481 +31. Find the solution and check your answer.

SOLUTION :



U Hesvermmen

Divisor dividend quotient

31)7481(241
—62

128

~124
0041
31
10

Digit sum of dividend > 7+4+8+1->20->2

Digit sum of divisor x digit sum of quotient + digit sum of remainder
(Tx4)+1-> 28+1—=> 29-11-2

Since above two are equal, the answer is correct.

Vedic Methods to multiply

(4)) Urdhva Tiryak Vidhi, using the sutra Urdhvatiryagbhyam.
The meaning of the sutra is Urdhva = Vertical (T)

And tiryak = diagonal N/ =%

EXAMPLE-7. 41
x 38
SOLUTION : 41 Formula: Urdhwatiryagbhyaam
x 38 (1) First column (multiplication of units place with units place)
15(5(8 1 T Urdhwaguna
3 _x8 (Vertical multiplication)
8
1558 (answer) and write the product in units position in the solution.

(2) Firstand second column (units and tens place)

41 Multiply diagonally and add
x38

(4x8) + (1x3)

32+3=35 (5 of the 35 is written in tens place and 3 is carried to
hundreds place)




(3) Second column (tens place)

4
x3 T Vertical multiplication
12
+ 3 (carried over) = 15 (write this as it is to the left)

ExAmMPLE-8. 56

x 82
SOLUTION : 56  Formula:Urdhwatiryagbhyaam (observe and understand)

x 82 5 5 6 6

451 9|2 Vertical T >< T Vertical multiplication

511 multiplication 8 8 2 2

|

Add after doing Diagonal multiplication

ExampLE-9. 231 Solve using formula Urdhwatiryagbhyaam.
X 425
SOLUTION : 231

x 425 2 2 3 3 1

2 3 1
ol s[1]7]s T>< >I<
1201 442 423 25

(1) frist column (units place with units place product)

Dn—> —

1
x5 TVertical multiplication
5
2) First and second column (units and tens place product)
31 >< Diagonal multiplication
x 25

B x5+ (1x2)
15+2=17 (write the 7 in tens place and carry over 1)
3) First, second and third column (units, tens and hundreds place)
231 As shown by arrows, product of first by third digit
x425 of these two numbers and add it to the
(2x5)+(1x4)+(3%2) product of second by second digits of both.
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10+4+6=20 X

20+ 1 (carried over) =21 ( keep 1 in hundreds place and carry over 2)
4) Second and third column ( drop the units place)
23
x 42
(2x2) + (3x4)

4+12=16 ><

16+ 2 (carried over) = 18 ( write 8 in the thousands position and keep 1 as
a carry over)

5) Third column (drop the units and tens place)

2 Vertical multiplication
x 4
8
8 + 1 (carried over) =9 (write 9 in the ten thousands place)

y

Find the following products using formula Urdhwatirygbhyaam:

(1 23 2) 44 3) 92 4) 55
x32 x 52 x 37 x 55

(5) 123 (6) 414 (7) 504 (8) 812
x 321 x 232 x 618 x 453

(2) Ekanyunena Poorvena Vidhi (method) (meaning one less than before) : This
formula is used when one of the numbers is made up of 9s. There are three conditions that
occur between the multiplier and multiplicand:

1. The number of digits is same.

2. The number of digits is more in the multiplier than the multiplicand that is there are
more 9s.

3. The number of digits is less in the multiplier than the multiplicand that is there are less

9s.



Condition 1:
ExamrLe-10.  Solve 63 x 99 using Ekanyunenapoorven method.
SorLuTioN : 63 X 99 (1) There are two digits in both.
62 | 37 (2) The left side of the answer is 1 less than the

multiplicand. i.e. 1 less than 63 is 62.
(3) The right side of the answer is 99 - 62 =37
ExamprLe-11. 3452 x 9999
SoruTioN : 3452 % 9999 (1) Leftside ofthe answer 3451 ( 1 less than 3452)
3451 6548 (2) Rightside of the answer is 9999 - 3451 =6548

i

Condition 2.
ExamprLe-12.  Find the product 43 % 999 using formula Ekanyunena poorvena.
SorutioN : 043 x 999 (1) Addazero to the left of 43, to make the digits

042 | 957 equal

(2) The left side of the answer is 1 less than 043 ie

042
42957 Answer (3) The right side of the answer is 999-042 =957
ExamprLe-13.  Solve 347 x 99999 using the formula Ekanyunenpoorvena.
Sorution : 00347 x 99999 (1) Addtwo zeros to the left of 347 and make the
00346 | 99653 digits equal
(2) The leftside of the answer is 1 less tha 00347
15 00346
34699653 Answer (3) The right side of the answer is 99999
- 00346
99653
Condition 3:
ExamrLe-14.  Solve 438 x 99 using Ekanyunenapoorvena.
Sorution @ 438 x99 (1) Reduce 438 by 1 and keep 99 as it is following
43799 this. Then subtract 437 from this number to
—437 get the solution. Thus subtract 437 from 43799

43362 to get 43362



Solve using formula Eknyunenapoorvena ( also check your answers):
(1) 57 x99 (2) 4378 x 9999 (3) 87 x999
(4) 345 %99999 (5) 48x9 (6) 9457 x 999

(3) Ekaadhikena poorvena Vidhi (method) : Here the use of the sutra
Ekaadhikenapoovena and Antyayordeshakepi is made.

This method is used when the sum of the units place digits of the two numbers is 10
and the remaining digits are the same.

ExamrLe-15.  Find the product 12 x 18.
Sorution: 12 x 18 Formula Ekaadhikenapoorvena and antyayordeshakepi

2 (16 (1) Left side of the answer ( one more than the
tens place x tens digit)=2 x 1 =2

(2) Right side of the answer = product of units
digits=2x8=16

S 12x18=216
ExampLe-16. 21 % 29
Sorution: 21 % 29 Formula Ekaadhikenapoorvena and Antyardeshkepi.
6 | 09 (1) Left side of the answer ( one more than tens

digitx tens digit)=3 x2=6
(2) Rightside of the answer = product of the units
digits=1%x9=9
221 x29=609

Note: The sum of the units digits is 10. So the product of these units digits should
have two digits, since there is only one, we add a 0 before 9.

ExavrrLe-17.  Solve 102 x 108

Sorution: 102 x 108 Formula Ekaadhikenapoorvena and Antyardeshkepi.
110 | 16 (1) Leftside of the answer ( 1 more than 10 x ten)
=11x10=110

(2) Rightside of the answer = product of units
digits=2x8=16
- 102 x 108 =11016




ExavrLe-18.  Solve 194 x 196.

194 x 196 Formula Ekaadhikenapoorvena and Antyardeshkepi.
380 | 24 (1)

SOLUTION :
Left side of the answer = (1 more than19x19)
= 20x19=380
2) Right side of the answer = product of units
digits. = 4 x 6 =24
194 x 380 = 38024

_ Exercise-1.5 k

S, Use the formula Ekaadhikenapoorvena and Antyardeshkepi to find the answers and check
& using Digit sums:

(1) 13x17

(5) 35x35

9) 104 x 106
(13) 502 x 508
(17) 193 x 197

() 22x28
(6) 42 x 48
(10) 105 x 105
(14) 603 x 607
(18) 292 x 298

(3) 34x36
(7) 72%78
(11) 203 x 207
(15) 704 x 706
(19) 392 x 398

@) 91x99
(8) 93x97
(12) 405 x 405
(16) 905 x 905
(20) 495 x 495

Nikhilam Vidhi : This method is used to find products, when the numbers are close in
value to the base or the sub base.

Base :10,100,1000............ etc. are called bases
Sub base: 20,30.,......200,300, etc. are called sub bases.
Deviation from the base:

(1) Firstly find the base which is a power of 10 and is closest to the number.

2) Ifthe given number is greater than this base, subtract the base from the number and
write the deviation with a positive sign.

3) Ifthe given number is less than the base, then subtract it from the base and write the
deviation with a negative sign..

Number Base Deviation
12 10 +2

9 10 -1

104 100 +4

98 100 -2

1002 1000 +002

992 1000 -008
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Gunaa Nikhilam : Base
ExavrrLe-19.  Solve 12 x 14

SorutioN :  Number  Deviation
12 +2 (1) Both numbers have a base 10
x14 +4 (2) The deviation of 12 from 10 is +2
16 8 (3) The deviation of 14 from 10 is +4

(4) The right side of the answer is product of the
deviations, 2 X 4 =28

168 Answer. (5) The left side of the answer = (First number +
deviation of the second number) or (Second
number + deviation of the first number)

— 12+ (+4) or 14 + (+2)
~ 16

Note: In this method we keep the same number of digits in the right side of the
answer as the number of zeros in the base

ExampLe-20.  Solve 16 x 15 using Nikhilam Formula.

Sorution :  Number  Deviation
16 +6 (1) Both the numbers have the same base 10.
x 15 +5 (2) The deviation of 16 from 10 is +6
24 0 The deviation of 15 from 10 is +5

(3) Theright side of the answer
= Product of the deviations
=6x5=30

(4) The left side of the answer
= One number + deviation of other
=16+ 5 + 3 (carried over) = 24
Or =15+ 6 + 3 (carried over) = 24

Thus answer is 240

ExamprLe-21.  Solve 8 x 13 using the formula Nikhilam.

SorLuTioN :  Number Deviation
8 -2 (1) Baseis 10
x 13 +3 (2) Right side of answer = Product of the
11 6 deviations

=-2x(+3)= -6



(3) Left side of the answer = One number +
deviation of other

=8+ (+3)=11
Or=13+(-2)=11
Hence answeris 110 - 6 =104
ExampLe-22.  Use Nikhilam Sutra to find 104 x 108

Sorution :  Number Deviation
104 +04 (1) The base is 100. This has two zeros hence the
x108 +08 right side of the answer will also have two digits.
112 32 (2) The right side of the answer = product of
deviations
Answeris 11232 = 04 x 08 =32

(3) The left side of the answer = One number +

deviation of other

=104+ (+8) =112
or = 108+ (+4)=112
ExampLe-23.  Solve 103 x 101 using Nikhilam Sutra.

SoruTioN :  Number Deviation
103 +03 (1) Theright side of the answer = Product of
x 101 +01 deviations
104 03 =3x1=3
(2) Thisright side will have two digits as the base
has two zeros, hence we take it as 03
(3) The left side of the answer = One number +
deviation of other
Hence answer is 10403 =103+ (+1)=104

Or =101 +(+3)=104
ExamvpLe-24.  Solve using the Nikhilam sutra : 92 x 107

SorutioN :  Number Deviation
92 —08 (1) The base is 100 and the deviations are
x107 +07 respectively, -08 and +07.
99 56 (2) The right side of the answer = Product of

deviations

=-8 x (+7) =-56 or 56
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(3) The left side of the answer = One number +

deviation of other
=92+ (+7)=99
Hence answer is 9900 - 56 = 9844 Or=107+(-8)=99
ExampLe-25.  Solve 1014 x 994 using Nikhilam Sutra.
Sorution :  Number Deviation
1014 +014 (1) Baseis 1000. The deviations are respectively,
x994 —006 +014, -006 .

1008 084 (2) The right side of the answer = Product of
deviations
=14 x (-006) =-084 = 84
(3) The left side of the answer = One number +
deviation of other
=1014 + (-6) = 1008
Or = 994+ (+014)= 1008

(4) There are 3 zeros in the base so there has to
be three digits in the right side of the answer,
so we take it as 1008000.

Answer 1s 1008000 - 084 = 1007916

y

Find the products using Nikhilam Sutra and verify the answers using Digit sums:

(1) 13 () 104 (3) 105 (4) 98
x 13 x 102 x 106 x 94
S) 122 (6) 96 (7) 1012 (8) 998  (9) 1016
x 102 x 107 x 1004 x 974 x 998
Square

We have seen four methods of finding a product:

(1) Urdhwatiryak Method (2) Ekanyunena poorvena Method (3) Ekaadhikena poorvena
Method (4) Nikhilam Method. We could use these easily to find the square of a number.

We will now find the square of a number using Ekaadhikena poorvena method and some
other special methods.



(1) Ekaadhikena poorvena and Antyardeshkepi : We can find the square of numbers
that have 5 in the units place orally.

ExavpLE-26. Find 652

SoLuTioN :  65% =65 x 65 Using the formula Ekaadhikena poorvena
42 | 25 (1) Leftside of the answer =tens digit X one more

than tens digit = 6 x 7 = 42
(2) Right side of the answer= 5 x5 = 25

Hence answer is 4225

_ Exercise - 1.7 k

Find the following squares orally, using Ekaadhikena Poorvena method:
152, 25%, 35%, 452, 552, 752, 852, 952, 105%, 1152

(2) Anurupyena Vidhi : This method is used normally to find the square of a two digit
number. We know that (a + b)*> = a’ + 2ab + b%, which we will write as follows:

(a] b)2=a?|2ab | b? and using this for the two digits of the number to be squared, we start
with the digit in the units place and keep one digit in each of the right and middlemost
columns and carry the other digits to the leftmost column.

ExamvpLe-27.  Find 64°
SorLution : 642 will be solved using (a | b)*>=a*|2ab | b?
() b*=4*=16
(2) 2ab=2x6x4=48
48 + 1 (carried from 16) =49
3) a?=62=36
36 + 4 (carried from 49) =40
64> =36 | 48 | 16
=36 49 6
40 9 6 Answer

ExampLe-28. Find 482

Sorution :  We will use (a|b)*=a?|2ab|b?
482= 42| 2 x4 x 8|8
=16 | 64 | 64
=16 70 4

=23 0 4 Answer




(1) 342 (2) 192 (3) 542 (4) 642 (5) 922

(3) Yaavat oonam taavat oonee krutya vargam ch yojayet Sutra- In this method, we
find the deviation of the number (whose square one has to find ) from its base. If the deviation
is less, we reduce that from the number and if'it is more, we add it in the number to get the
left side of the answer. The right side is obtained by squaring the deviation.

We can take help of the following formula to get the square:
Number? = number + deviation | (+deviation)?
Example: 13> =13+3] 32(13 is 3 more than base 10)
=169 Answer.
Example: 72 = 7-3 | 3% (7is 3 less than base 10)
= 49 Answer
Example: 98> = 98 -2 |(02)
96 04 Answer (04 because the base has two zeros)
Example: 106> =106+6 | 6°
112 36 Answer

‘ Exercise - 1.9 _

Solve using the Formula: ITad S+ A1 311 £ I I AR ... :
122, 142, 1022, 1052 1082, 942, 9962,

Square Root

We already know the methods of finding square root of a number using prime
factorization and division method. We shall now see how we can find the square root using
Vilokanam Vidhi.

Vidhi -Vilokanam: We can find the square root of a four or five digits perfect square by
inspection. Observe the following table:



Number | 1 | 2| 3[4 |56 7] 8]9]10
Number | 1 | 4 | 9 |16 |25] 36| 49| 6481 |100
Digitsum | 1 | 4 | 9| 7 [ 7o) 4] 1]9]1

Memorize the following:

1 4 5 6 9 0
Unit place of square root - 1 2 5 4 3 0

Unit place of square number

or9 or8 or6 or7
Note : (1) Iftheunits place of a square numberis 2,3,7 or 8, they are not perfect squares.

(2) The number of pairs that you can make in the square number, those many
digits will be there in the square root of the number.

(3) Numbers whose digit sumis 2,3,5,6 or 8 are not perfect squares.

ExamprLE-29.  Find the square root of the perfect square 6889 using Vilokanam vidhi.

SOLUTION : 6889 sutra vilokanam

J6889 =83 or 87

(1) You can make two pairs in the square number, hence square root will have two
digits.

2) The right pair (89) decides the units place and the left pair(68) decides the tens
digit.

3) Since units place of square is 9, hence the units place of square root will be 3 or 7.

4) The left pair(68)helps decide the tens place. The closest square root to that is 8 as
82=64 and 9* =81, which is definitely more than 68. So we take tens place digit
as 8.

5) The answer could be 83 or 87.
(6) As 6889 is smaller than 7225 which is the square of 85, hence the square root is

83. /6889 =83

_ Exercise - 1.10 k

Find the square root of the following using Vilokanam Vidhi:
(1)9409 (2) 7569 (3) 8281 (4) 3249
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Algebra

Multiplication (by Urdhwatiryak Vidhi): This formula is used in Arithmetic but works
equally well with multiplication of algebraic expressions.

ExamprLe-30.  Multiply 3x + 1 with 2x + 4 and check the product.
Sorution :  Urdhwatiryak Vidhi (1) First Column

3x+1 +1 T Verticle multiplication
x2x + 4 x +4
6x*+ 14x + 4 +4

(2) Firstand second column
3x+1 Diagonal multiplication
x2x+4 ><
adding Bxx4) + (2xx1)
=12x + 2x = 14x
(3) Third column
3x
xX2x
ox? T Verticle multiplication

Answeris 6x>+ 14x + 4

Check: Digit sum of ( digit sum of numerical coefficients of the first expression x digit sum
of numerical coefficients of the second expressions) = The digit sum of the numerical
coefficients of the answer.

(1) 4 x 6 = 24, whose digit sum is 6
2) 6 + 14 + 4 =24, whose digit sum is 6
As (1) and (2) give the same digit sum, our answer is correct.
ExampLe-31.  Solve using Urdhwa tiryak Vidhi (2x +y) x (3x + Sy)
SOLUTION : 2x+y
x 3x-Sy 2x 2x +ty +y

+ 6x2—Txy—5y? T >< T

3x 3x -5y -5y

ExampLe-32.  Find the product of polynomials x* + 3x + 2 and 5x* + x + 1 using Urdhwa
tiryak Vidhi.



SOLUTION : xX*+3x+2 formula Urdhwa tiryagbhyaam
X Sx*+x+1 (1) Firstcolumn
Sx*+ 16x* + 14x*+ 5x + 2 +2 T Vertical multiplication
+1
+2
(2) Firstand second column
+3x+2

X +x+1 >< Multiply diagonally and add
(3x x1) +(x x 2)
3x +2x = 5x

(3) First, second and third column

2 43x42 as per signs,multiply
s first with third terms
Sx*tatl diagonally and second
(> x1) +(5x> x 2) +(3x x x) by second vertically
=x24+ 10x2+3x2=14x> and add.
(4) Third and second column
x*+3x

X 5x2+x >< multiply diagonally and add
(x? x x) H(5x* x 3x)
x>+ 15x% = 16x°
(5) Third column

2

X
X S5x? T Vertical multiplication
5x*

< Solve using Urdhwatiryak Vidhi and check the answers:
/

(1) 4x+1 (2) 4xt2y 3) x3y 4) xt+4
X x+5 X33y xxtly  _xxtd
5) x*+2x+1 (6) 2x+3y-4

X x>+3x+4 X 3x2+4y+5
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Division
Paraavartya Vidhi: Division in Arithmetic and Algebra is done using Paraavartya Vidhi.
ExampLe-33. Divide 7x*—5x +3 by x + 1

SorLution :  Divisorx+ 1 Tx? —5x +3
Modified divisoris—1 +7 -5 +3

-7 +12
+7 -12 +15

(1) Write the dividend and divisor in their respective places. The deviation
of'the divisor x + 1 is +1 and the inverse (revised value) of this is -1, so
the modified divisor is -1

(2) Write the coefficients of the terms of the dividend with its signs.

(3) Since modified divisor has one digit, hence we leave one digit in the
units place of the dividend and make the line for division.

(4) The first digit of the dividend that is 7 is the first digit of the answer.
Write it down as it is.

(5) (Firstdigit of answer x modified divisor), the product of these two is
written below —5.

+7 x (-1)=-7
(6) (-5) +(-=7)=-12is the second digit of the answer.

(7) The second digit of the answer x modified divisor, the product of these
two is written below +3 of the dividend.

—12x (-1)=+12
(8) Now we have been crossed the division line. Hence +3 +12 =+15

(9) The quotientis 7x - 12 and the remainder is +15

Exampre-34. Divide x* +2x+ 12byx+2.

Sorution :  Divisorx+2 X3+ 0x? +2x +12
Modified divisor—2 +1+0 + 2 +12
-2
+4 -12
+1-2 +6 0




ExampLE-35.

SOLUTION :

(1) Thedivisoris x +2 and the deviation is +2, hence the modified divisor

is the inverse of this, that is -2.

(2) Write the dividend in the reducing power of x. it does not have the term

x2, so we write the coefficient of this as 0.

(3) Modified divisor has one digit, so we draw the division line leaving a

digit from the units place in the dividend.
(4) The first coefficient of the dividend, +1, is the first digit of the answer.
(5) Firstdigit of the answer x modified divisor =+1 x (—2) =-2 is written
below 0.
(6) +0+(—2)=-2, is the second digit of the answer.

(7) Second digit of the answer x modified divisor =-2 x (=2) =+4, is
written below +2.

(8) +2 + (+4) =+6 is the third digit of the answer.
(9) Third digit of the answer x modified divisor = +6 % (-2) =12, is
written after the line for division below +12. —12 + 12 = 0 is the

remainder after division line.

(10)Hence, the quotient +1 —2 +6 is written in the increasing order of the
powers of x from units place.

Quotient =x>-2x+6

Remainder=0

Divide 4x* — 5x-9 by 2x + 1.
divisor dividend dividend in the reducing power of x
2x + 1 4x3-5x-9 4 +0x*—5x -9

(1) Divide the divisor by 2, so we get 1 as the coefficient of x, as the
maximum power of x in divisor needs to have a coefficient 1 for this
method.

2x+1 1
Hence 5 X >

Dividend written with the signs of the coefficients in the reducing power

of x
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ExampLE-36.

SOLUTION :

(M

1
New divisor X + 5 +4 +0 -5 -9
. .. 1
Modified divisor — 5 -2 +1 +2
+4 -2 —4 -7

(1) Firstdigit of answer is +4

(2) Firstdigit of the answer x modified divisor =—'2 X 4 =-2_ is written
below 0.

(3) +0—-2=-2, is the second digit of the answer.

(4) Second digit of the answer x modified divisor =—/2 X -2 =1, is written
below -5.

(5) =5+ 1 =-41s the third digit of the answer.

(6) Third digit of the answer x modified divisor = —4 x (-/2) =42, is
written after the division line, below -9

(7) -9 +2 =-7 is the remainder.

(8) Inthe quotient, +4 —2 — 4, we have to divide by 2 because we have
divided the divisor by 2, hence the quotientis +2 — 1 —2 which when
written with x is, 2x? —x — 2

Remainder is—7.
Divide p(x) by g(x) when p(x) =x*+ 1 and g(x)=x+ 1
dividend

xt+1

Divisor
x+1

We write the dividend in the reducing power of x, and write the coefficient

of those terms that are not there as 0.

Dividend

X0+ 0x>+0x+1

Divisor
x+1

Write the coefficients of the dividend with the signs

Divisorx + 1 +1 +0 +0 +0 +1
Modified divisor—1 -1 +1 -1
+1

+1 -1 +1 -1 +2




Quotient x* —x? +x—1 ( we write the quotient along with x as x” in units, x' in the tens and
so on in the increasing power)

Remainder=2
Check of the answer:

Digit sum of the dividend should be = Digit sum of ( product of the digit sum of the divisor
x digit sum of the quotient) + digit sum of remainder

LHS=2
RHS=2x0)+2=2 Since LHS =RHS, the answer is correct.




ALGEBRA

Let us know the history of arithmetic and algebra...

If you look carefully at the things, events and phenomena around you and think about them, you will discover that all of
these are in some way related to mathematics. Whether we are buying or selling building something, setting our daily
routine or planning something big- we are using mathematics every where.

Relationship of mathematics and the world around us is not something new. Along with evolution of human
civilization journey of maths has also evolved. In this process of evolution human has tried to find solutions by using
numbers, along with a whole range of symbols. As a result of these attempts only this branch of mathematics, which we
call algebra, was born.

Algebra is that branch of mathematics where numbers are represented using alphabets. However, the signs of
mathematical operations remain as they are in arithmetic.

Although modern symbolism of algebra was introduced only a few centuries ago, but the quest of solving
equations is ancient. Even 2000 years before the Chrishian Era also people guessed at how to solve equations.

The tradition of expressing algebraic equations in symbols started in the following order. It is estimated that
around 300 to 250 CE term algebra was used in popular conversations. for example, x + 1 =2 was said as “By adding one
to something, we get two.” In around 250 CE, we see shorthand symbols being used in Diophantus's ‘Arithmetica’.
Brahmgupta’s Brahmasfut Principle also enumerates similar things. This would have been written as- “when 1 is added
to x, we would get 2.”

It was in the 7™ century that we started expressing variables and constant by way of symbols. Such as-x + 1 =
2 can be written in expanded form as : ax + b = ¢ where x is variable and a, b and ¢ are constant numbers.

To learn how this must have happened, let us try to solve a riddle that is often asked by the elderly in villages.
Look at this-

Sl TS TS gETR A
BT BT, HAdT UiRdl

It means- In a group of elephants and birds, we have a total of 72 eyes and 100 feet. Now say how many of them
are elephants and how many of them are birds?

How will be solve this? We can solve this by hit and trial method, like by guessing if there are 20 elephants, there
would be 80 feet. In that case we will have 10 birds to give us the remaining 20 feet. So, in all we have (20 + 10) 30 animals,
which will give us 50 eyes. But, eyes we have 72! So, there must be some other solution.

Clearly, we will have to reduce the number of elephants. Think why.



We can also start from this end- if there are 72 eyes, there must be 36 animals. If number of elephants is ‘E’, then
number of birds will be 36-E. Now, if we are to add the feet of ‘E’ elephants and (36-E) birds we know we will get 100. That
means, Ex4 + (36 - E) " 2=100. That is how we get a simple equation which will help us get the value of E.

We find evidences according to which between 800-500 BC, shulv- sutras (97dq ¥=z) were created in India.
These shulv sutras were used in creating vedis of different kinds. These sutras hold solution to the problems like how
to make vedis of different designs and shapes, keeping the area the same. Look at one example- how can we make a
rectangle that has an area equal to a square? Although this looks like a problem of geometry, we can also solve it with the
help of algebraic expressions. Suppose we have a square with side of length ‘a’. If we make a rectangle with a fixed length
‘I’ and we also know that its area is equal to that square. Then, what will be breadth of that rectangle? To solve this, we
get an equation:

axa=1xbhb.

It is not the case that this was solely developed in India. There were others in all parts of the world who studied
this new branch in mathematics. Around 500-300 BC. Archimedes had figured out sum of the square of natural numbers.

A lot of work related to writing of arithmetic and number groups in expanded form was done in India in the 6
century BC. Similarly in 5" and 6" century AD Aryabhatt and Brahmgupta discovered different types of general sums of
number series.

They also figured out many different types of solution of general binomial and simple equations.

In India we get many examples of playing with numbers and discovering many general and specific ways in
which numbers work.

There was a lot of exchange of ideas related to mathematics of Indians with Greek and Arabic mathematics too.

In 12" century India again a lot of work was done in the field of derivatives, micro, mean value theroemetc. Later
on in 14" century further work was done in infinite series for sine and cosine. But this work could not be presented
systematically and other people could not understand its importance.

Today the algebra we have is a result of a combination of a varied efforts made in different countries.

This is not the complete history of airthmetic and algebra. The information presented here is collected from various
texts. Students and teachers can get more information about algebra from other sources too.




In a class, students came up with these numbers when asked to think of all possible types of
numbers.

8, —-108, 12 205
0.15, -0.37, 0 2
3, 10 7 7
77 9’ 19° =55

-3 105 7.5 3.2323

Does it cover all kinds of numbers?
Canyou give examples of any other kind of number?
Discuss with each other and give examples.

How will we classify these numbers on the basis of their properties? Which properties
do we take? Can we classified these numbers as even-odd numbers? Can they be classified

by any other method? How many different ways of classifying them, can there be?

From NaturaltoRational

Manisha and Salma classified these numbers as N (Natural numbers), W (Whole numbers),
Z (Integers) and Q (Rational numbers) as follows-
N w

z Q
0.8,105,12,205,
0.8.105, 1,-3,-108,-55,
2 3
8,105, 0,8,105, 12,205, 22 037,
12,205, 12,205, 1,-108, o 17
1 | 55 32323, -7.5, —,——
9°19
3
0.15

You write three more numbers in all these boxes.

Are there some numbers which are there in all the boxes?




Try This k

1. Write those numbers which you have in Q but notin N.

2. Write those numbes which you have in Z but not in N.

3. Write those numbers which you have in W but not in N.

P
All numbers that are there in box Q, can be written in the form E .Inthispand q are

integers and q # 0, that means p can be any integer and q can be any integer except zero.
These are all rational numbers.

Rashmi said that natural numbers, whole numbers, Integersare also included in

p
rational numbers because they can bewritten in theform ;

Do you agree? Reshma gave some examples like as follows-

8=§, _3:__3, 0:9
1 1 1

Can you look for such integers which can not be written in form of rational numbers?
So we can say that the group of natural numbers are included in integers and the group of
integers are included in rational numbers.

Natural numbers (N) and Integers (Z) follows one rule. Each number is one more
than the previous number or the number on its left side; or one less than the next number or

the number on its right side. That means distance between any two consecutive numbers is
always same, that is one unit.

NumberLine

To show whole number on number line, draw a line and mark points at equal intervals.
+—+——++—+——+—+—+—+» Assuminganyonepoint O, write 1,2,3, ..... at

A

o 1 2 3 4 5
Fig. 1

Number Line for Integers

equal intervals on the right hand side.

A

: : : : —» To show integers on number line, write
=3 -2 -1 0 1 2 3 4 -1,-2,-3,. on the left hand side of (Fig.1)
Fig. 2 . —
number line as shown in Fig.2.

We can see that as we move to the right side, the number exceeds by one and as we

move to the left side the number decreases by one.



y Try This

1. Show on number line —2, +3, +4 2. How many steps ahead +2 is form -3?

Showing Rational Numbers on Number Line.

. p .
Can you show rational number E on number line?

158
Can you show 333 etc. on a number line?
Rashmi showed them on number line as follows-
v \ 2
-9-8-7-6-5-4-3 -2-1 1 2 34 5 6 7 8 9
33 33 3 33 3 3 33 33 3 3 3 3 3
< I | | I | | I | | I | | I | | I | | I | | I | | I »
- I I I I I I I I I I I I I I I I I I I I I I I I I -
-4 -3 -2 -1 0 1 2 3 4
Fig. 3

In this, she divided each unit in three equal parts and then showed the numbers.

. 711 2
Similarly, you also try and show —»—>—~.

3737 3
‘ Think and discuss

12
5

etc. on number line.

-3 28
What will you have to do to show 535

Equivalent Rational Numbers & Number line

4
, g -------- are also rational numbers. How to

ENI N\

1
Justas ) is rational number, similarly

9
we shows them on number line? Let us try and see.

-2 -1 1 2 3 4

2 2 2 2 2 2
< | | | | | | | | | .
| ' | ' | ' | ' | g

-2 -1 0 1 2

-4 -3 -2 -1 1 2 3 4 5 6 7 8

4 4 4 4 4 4 4 4 4 4 4 4
< [ | L | | L | | | | | | | .
< 1 1 — 1 1 I 1 1 1 1 1 1 | >

-2 -1 0 1 2

Fig. 4 (i), (ii)



-8-7-6-54-3-2-1 123456 78
8§ 8 8 88 8 88 8 8 8 88 8 &8
« | T T N N N T N Y N R R A | -
< | L L L L L L | >
-2 -1 0 1 2
Fig. 4 (iii)

1 2 4 1
The place of 5 on number line is also the same for 1 and 3 So bR
which are equivalent rational numbers, occur at the same point on the number line.

2
4

How many rational number exist between two rational numbers— When we take any
two integers, we can find the number of integers that lie between them.

Try This A

1. How many integers lie between 5 & 15.

2. How many integers lie between -3 & 8.

Can we do similar counting for the rational numbers?

1 1
How many rational numbers lie between ) and 1 ? Discuss with each other.

3 1 1
Reshma said— Looking at the number line, g lies between ) and 1

: 1)
2 means half of > 2

3 1 3 1
Salma said that between the rational numbers g and E will lie half of (8 5) which

lA'th id 'tfl dl D
means 7. Again the mid pointof 7~ an 21s TR

1 1
All these rational numbers lie between 1 and 5 Similarly we can find more

rational numbers between these two numbers.
Can you think that how many rational numbers will lie between these two?

Discuss with each other and find some more rational numbers.

We see that as many times as we try, we can find new rational numbers lying between
these rational numbers.
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Now we can say that there are so many rational numbers are between 1 and

5 that we can not count them.

This is true for any two rational numbers.

Innumerable Numbers between Rational Numbers

a, b are any two rational number in which a<b

then a +a<b+a

2a<b+a
b+a
or (1)
Again a<b
atb<b+b
a+b<2b
a+b
<b )
) . a+b
Hence ) ,isbetweena and b.1.e a < T <b
If we take any two rational numbers a and b, then there always is one rational
a+b ] ] a+b
number 5 in between them and there is also a rational number between 5 and a.

So we can say that there are innumerable numbers between any two rational numbers.

Finding Rational Numbers between Two Given
RationalNumbers.

5
We take two rational number a = n and b= T

Although there are innumerable numbers between them, we can find
some numbers using this method.
6 a+b 5+6 11

A rational number which lies between T and T = 5 5 )




E_SXZ_E( ivalent rational numbers)
1" 12 2" equivalent rational numbers

§_6x2_2

1 1x2 27

0_11_12

2 2 2

) ) 10 12

We can see that the rational number ? lies between ? and ?
Similarty

§_5x3_E

1 1x3 3

§_6x3_§

1 1x3 3°

] ) 6 17 15 18
i.e. Rational numbers ?,? lie between ? and ?

Thus, we can find several numbers between two given rational numbers by using

6
equivalent rational numbers. For example when we multiply 1 and 1 by 11, we find 10

new rational numbers between these two.

1
If we have to find 3 rational numbers between 5 and 5. we will multiply the

denominator and numerator of both rational numbers by one more than threei.e. 3+1 = 4.

l_1><4_i al ol b

5 __5>< 420 (equivalent rational number)

2_2X4_i

5 5x4 20

14 _5_6_7_8_2

5 20 20 20 20 20 5

) 5 6 71 1 2

So three rational number ——, ——, = liebetween = and —.

207 207 20 5 5



Find any 5 rational numbers between

Find 3 rational numbers between g and —.

Find 11 rational numbers between: and

3

A

2 4
731’1 7

1
7

1

2

Properties of Rational Numbers

(i) Whole Numbers and Integers

Once again discuss about properties of numbers in brief. Start with closure property.

Complete the table given below by discussion. Please give relevant example in this

table.
Numbers Operations
Addition Subtraction Multiplication | Division
Whole a+biswhole It is not closed Itis closed Itis not
numbers [numbers for any two| because 5-7=-2 |—————— closed
whole numbers isnotawhole  |—————— because
a & b, which means| number. 5+-8 = g
itis closed under isnota
addition whole
[ - S number
Integers | —6+4= —2 isa Itis closed because| 5 x 9 =45 Itisnot
integer. Integers a-bisalso an —5x9=-45 closed
are closed under integer for any and because
the addition. twointegersa—b. |—5 x(-9)=45  [——————
[ - ST areall integers.  [—————
[ - SO Generally we can
say thatax b is an
integer for any
two integers

a&b.e.g...




(i) Rationalnumbers - Closure Property

(a) Addition
] 2 5
Assume two rational number 7 s g .
2 N 5 16435 _ 51
56 56
The result 56 is again a rational number.
-19 o

8+ > )= Is it rational number?
2 -2 . .
5 + K3 = Will the result be a rational number?

Check this property with other numbers.

3+%, 0+l Z+%

o207

We see that by adding any two rational numbers, the result is also a rational number.

If a & b are rational numbers then a + b will also be a rational number. So, rational numbers
are closed with respect to addition.

(b) Subtraction

5 3
Assume any two rational number 9 and 1
0 5 3 _ 5x4-3x9 20-27 _ -7
Mo 4 36 T 36 36
-7 -7

36 is rational number (because —7, 36 are integers and 36 is non zero, so 36
also a rational number.)

Examine it with respect to the following rational numbers too.

2 3 14-9

. 3 _ . . 0
Q) 3 - 1 Is it a rational number?




48) 11
(i) 9 ) 13 = Is this a rational number?

We found that for any two rational numbers, their difference is also rational number.
So rational numbers are closed with respect to subtraction.

For any two rational numbers a and b, a—b is also a rational number.

(c) Multiplication

Please consider the following

1 3

. 3X—=—

0] )

y 6 -t _ 66 -33
(i) 57 2 10

3 s

(iit) 7 %5

M g xE_

) 113

We see in all examples that the product of any two rational numbers is a rational
number. Please multiply some more pairs of rational numbers. Check whether their product
is a rational number or not? Can you give such rational numbers whose product is not a
rational number? Therefore, it shows us that rational number are closed with respect to the
multiplication.

For any two rational numbers a and b, a x b is also a rational number.

(d) Division

2
Take two rational numbers E and g .

2 7 2 8 16

2.1 _ 42,8 _10 L ) 0
then 3 2 3 7 1 which is a rational number?

Checkout it with some other examples.

@) -+ 2 === = = %x

. 2
(i) TR =




(iif)

17

13

3
1

17

13

We see in all above examples that when we divide two rational numbers, the result
is arational number. Now can we say that closure property is true for the division of rational

numbers?

5
Come, let us examine this : 0, 5 are rational numbers but — is undefined. So that

0

group of rational numbers 'Q' is not closed with respect to division.

If we remove zero from the Q than this group becomes closed with respect to

division.

Try This

h

If we remove zero from the set of integers, is it closed with respect to division?

Similarly checkout for whole numbers.

Complete the table.
Numbers Closed under
Addition Subtraction | Multiplication Division
Natural number Yes | i | i | e
Wholenumbers | e | i | e No
Integers | Yes | e |
Rationalnumber | ...occeeee | oo Yes |
Commutative Property

Come, Let us recall the commutative property with different operation for both whole numbers

and Integers.

Complete the following table :

(i) Whole numbers
Operation Examples Comments
Addition 2, 3 are whole numbers Whole numbers are commutative

2+3=5and3+2=5

with respect to addition
L 2+3=3+2
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Subtraction Is3—2and 2-3 It is not commutative.
the same

Multiplication ~ |[------ | —=mmm-

Division 4+2=9 2+4=9 | cceee-

Is4+2 =2+47

(i) Integers

Operations Examples Comments
Addition --- Addition is commutative in
integers
Subtraction 2,3 areintegers. | ...

2-(3)=2(3)-2=7
[s2-(3)=(3)-2=7

Multiplication | ... | ...
Division is not commutative in

Division | .......

intergers

(iii) Rational numbers

(a) Addition

) 5 -3

Take rational numbers 5, T .Add them.

5,(3) | 2x5+Ix(3) 103 7

2 4 4 4 4
-3 Ix(=3)+2x5 -3+1

g 3,5 Ix(53) _3+10 7
4 2 4 4 4

S (B33
So. 5" % 4 2

Now check this property with some more pair of rational numbers.

5

1 1
Take two rational numbers E and 7 Is 5

SECREXGE

?

N | =

5 5
+- ==+
7 7



Can you suggest any pairs of rational numbers for which this rule is not true?

We can say that for any two rational numbers aand b,a+b=b+a. Thus, rational
numbers are commutative under addition.

7
(b) Subtraction : Take two rational numbers 3 and 3

27 _16-21 -5 7 2 2116 5
38 24 24 ¢ g3 24 24
So E_Z 1_2
3 8 8 3
Check these
5 5
2-——=—-279
Is 1 1 ]
1 3 3 1
s ——=> = = —— 9

2 5 5 2
Thus, we can say that subtraction is not commutative for rational numbers.

Hence for any two rational numbers a and b, a—b % b-a.

(c) Multiplication : Take two rational numbers 2 and _7

-5 -10 -5 -10 - -5
2x—=—— " —x2=—— Therefore 2><—5 = —x2
7 7 7

(3o (2)(2)
Is 57 % )7 2 )’
Check out it for some more rational numbers.

We conclude that rational numbers are commutative under multiplication.

i.e. axb=Db xa forany two rational numbers a & b.



(d) Division

14 7
=—+—?

9 3

1 3
LAV

3 M4

1 2
14 7
i___
9 3

Thus, we can say that division is not commutative for rational numbers.

Complete the table.

-

TryThis [

Numbers

Commutativity under

Addition

Subtraction

Multiplication

Division

Integers

Natural numbers

Whole numbers

Rational numbers

Yes

No

Yes

No

No

Associative Property

Recall the associativity of whole numbers relative to various operations i.e. Addition,

Subtraction, Multiplication and Division.

(i) Whole numbers

Complete the table by giving necessary examples and comments.

Operation

Examples of Whole numbers

Comments

Addition

2+(3+0)=2+3=5
2+3)+0=5+0=5
=2+3+0)=2+3)+0
at(b+c)=(a+tb)+c

For any whole numbers a, b, ¢




Subtraction (4-3)-2=7?7 4-(3-2)="? Subtraction is not
Is (4-3)-2 = 4-(3-2)? associative
Multiplication | ---=--====-=m==mmmmemmmeeo Multiplication is
associative
3 5 10
Division 2+(3+5)=2+ 3° 2% 373 Division is not
2 .
(2+3)+5:_+5:_X_ZE associative
2+(3+5) #(2+3) =5
(i) Integers
Recall the associativity of integers relative to all operations.
Complete the following table with necessary comments.
Operation Integers with examples Comments
Addition 2+[(-3)+5]=2+[-3+5]=2+2=14
[2+(-3)]+5=[2-3]+5=-1+5=4
For any three integers a,b,c
at(b+c)=(a+b)+c
Subtraction Is6-(9-5)=(6-9) -5?
Multiplication| Is2x[7x(-3)]=(2x7) x (=3)?
Division 10 +[2+(-5)] =10+ “Z_10x 2 = -5
5 2
Now
(10+2)+(_5)=E+(_5):5+(_5):i:_1
2 -5
Thus 10 + [2+(—5)] #(10+2) = (-5)

(iii) Rational numbers - Associativity
(a) Addition

2 1
Assume that three rational numbers are —, 5, <

7

2

. Examine if



2 (o (]2, [s, 1] 2 [10+1]_4+77 _s1
LHS.=7 7 7 414

1_74+7 81
2 14 14

: 1. E{i} 1.31.(2
Find out > 7 3 and 57 3

Are the two additions equal?
Check out the associativity of rational numbers with some more examples.
We have seen that rational numbers are associative under addition.

Therefore, for any three rational numbers a,bandc,a+(b+c) = (a+b)+c.

(b) Subtraction

3 -5
Take three rational numbers 5, Z and T




3 GG

L.H.S. # R.H.S.

We find out that subtraction does not follow the rule of associativity in rational numbers.

Therefore, for three rational numbers a,band ¢ ; a—(b—c)#(a—b)—c

(c) Mulitiplication

Take three rational numers = =
ake three rational numers —» —» =~

SRGINEERG

_(E xﬂ) y (ij_(ﬁj y (—_5) _ 40
RHS.=\37%7)\7)7\21) "\ 7 ) " 147
L.H.S.—R.HS.

Check this.

Find 2 x l><3 and(2xl)x3
2 2
Is 2x(lx3j= (2 xl)x3
2 2

S (3.7 5.3 1.7
Fmd3 773 and 377 5

5 3 7
IS_X(_X_J: éxé xz
3 7 5 377 5

In all above situations, we get that L.H.S.=R.H.S.

Thus, multiplication is associative in rational numbers.

Hence, for any rational numbers a,b,c;a x (b x ¢)=(a x b) x c.
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(d) Division

A|w
oo
=]
o

2
Take three rational number like— g s

2. (3.0 (2.3) .1,
IS3' 4. 3. .7.

2 3 1) 2 3 7 2 21 2 4 8
LHS=—=%|—"F—|=—+|—X—| =— = = X — = —

3 (g 37847 1) 374 3721 63
2.3 (2. 4.0 (8).1_8 7_536
RHS=137%)"7713"3)7779)7 779" 1 9

L.H.S. # RH.S.
Therefore, for any three rational number a,b,c ; a+(b+c)#(a+b)=+c.

Thus, division is not associative in rational numbers.

‘ Try This
Complete the table.
Numbers Associativity under
Addition Subtraction | Multiplication Division
Natural numbers Yes NO | i | e
Wholenumbers | s | i | e No
Integers | No Yes [
Rational numbers | s | e | e | e
Role of Zero

Can you think of a number, which added to any number, gives the same number? When
zero is added to any rational number, we get the same rational number.

For example—
l1+0=1land0+1 =1
-2+0=-2and0 +(-2)=-2



11 11 11 11
— + 0= — O+ — = —
3 3 andU+ 3 3

Hence, we call zero as the additive identity. The statment of this property is presented

below.

If a represents any rational number, thena+0= aand 0+a = a

Is there an additive identity in natural numbers?

Role of 1

Fill in the blank boxes given below:

[ ]x3=3 and 3x[1=3

-2x[] =-2 and ] x —2=-2
7 7 7 7
g Ty "% 7%

Have you seen some thing special in the above products?

We can see that any rational number when multiplied by '1', we get the same rational
number as the product.

We can tell that '1' is the multiplicative identity for rational numbers.

15
For example, we do the following when we write 50 in a simplified form.

I5 3x5 3 5
—_—= :—Xg:—)(l:—

50 10x5 10

3 3
Where we are write that 10 x1= 0° there we use the identity property of

multiplication.

The Existence of Inverse
(i) Additive inverse
34(=3)=0 and -3+3=0
-5+5 =0 and S5+(-5)=



In the first example —3 and 3 are additive inverses to each other, because we get ‘0’
by adding those. Any two number whose sum is ‘0" are called additive inverses of each
other. Generally If a is rational number a + (—a)=0and (-a)+a=0.

Then 'd','-a' are additive inverses of each other.

The additive inverse of 0, remains 0 because 0 + 0 =0

(i) Multiplicative inverse

2
Which number should be multiplied to a rational number 7 to give a product of 1?

€ S€C 7 2— an 3 7

Fill in the following blank boxes.

2 X = 1 and x2 =1
-5 % = 1 and x5 =1
-17 { d -17 {
- X = X — =
19 an 19

1 x ?2=1

-1 x ?2=1

Any two numbers whose productis'1’ are called multiplicative inverses of each
other.

1 1
For example, 4 X 1 l and ! x4=1 therefore number 4 and ;4 are multiplicative

inverses of each other.

c c
v £l —
We can say that if 57 and 75 , the rational number 7 is called

a
multiplicative inverse of the second rational number x



Rational Number and their Decimal Form

If we want to write decimal form of 1.75 0.8181 1.1666
79 o 7 111 9.0 7
2116 etc. we will divide 7 by 4 28 6
4,9 by 11 and 7 by 6. 30 20 10
28 11 6
20 90 40
20 88 36
0 20 40
11 36
. . 9 40
Do the calculation and match with the table.
36
1. Remainder= 3, 2, 0 Divisor 4 2
2. Remainder =2, 9,2, 9, 2,09, ... Divisor 11
3. Remainder = 14444.... Divisor 6
Look at these remainders. Can you see anything special?
1. Ondividing by 4, remainder is zero after one point.
2. Ondividing by 11, 2 and 9 keep recurring as reminder turn by turn.
3. Ondividing by 6, the remainder is 4 repeatedly after the first time.
4. When there is a repetition of the remainder there is also a repetition observed in
quotient.
To understand this, let us make a table.
Number | Quotient Analysis Conclusion
7
1 1.75 Remainder is zero after the two places of Terminating
decimal decimal
9
1 0.8181.....| There is a repetition of the digits after first two | Non- terminating
places of decimal recurring decimal
7
3 1.166......... There is the repetition of the number which | Non-terminating
comes after the first decimal place. recurring decimal
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We find from this table-

7
Reminder is zero after a few decimal places in number 1 Some other example of

. 1 7 . . . L
this are 5= 0.5, e 0.875 etc. Such decimals are called terminating decimals, in which

numbers after decimal point are limited.

The repetition occurs in the quotient after a fixed place in numbers like T We

7 - 9 _
also write g=1-1666--- oras 1.16. Similarly, write — =0.8181... as (g7. Thisis

11
non-terminating recurring i.e. unlimited and some groups of digits are repeated after some

places of decimal.
‘ Try This
1. Write two such rational numbers whose decimal form is non-terminating recurring.
2. Write two such rational numbers whose decimal form is terminating.

Writing the Decimal Form of Rational Numberinits General -
Form

. ) p
When we write decimal form of a number as form ; than we understood the number

better. Let us take some recurring decimal numbers-

Exawvpre-1. Express 1.555........... = 15 inform of a .

p
SoLuTION ©  Assume E =1.55555...cccommmmmrernn. (i)

multiply both sides by 10.

subtract equation (i) from (ii)

pP_p
105—52(15.55555 ..... )— (1555 ......)

9P 14
q



14
9

Q o

S p
ExamvrLe-2.  Toexpress 73456 inthe formof —.

p -
SoLuTiON @ Assume E = 73456 = 7.3456456

Multiply both sides by 10.
102 _ .
q 7348040 )

Multiply both sides by 1000 in equation (i), we get

P
100005 = 73456456456
subtract equation (i) from equation (ii).
p
9990 a = 73383

p 73383

q 9990
p 24461

Sq 3330

Try This k

Change the following decimals in the form

) 1.2333..... ()  388.. (i)  3.204343.......

h

1. Give examples for the following statements.

(1) Anumber which is natural number, whole number and integer.

(i) Anumber which is whole number but not the natural number.

(iiiy Anumber which is rational number but not the natural number.



2. Find 3 rational numbers between the 6 & 7.

4
3. Find 5 rational numbers between 7 and

2
4. Find 3 rational numbers between E and

Alw Qlw

5. Find any 4 rational numbers between —1 and 2.

9
6. Write any 3 rational numbers between 10 and 10
7 .
7. Represent the 3 and ~3on anumber line.
8. Change the following rational number to decimal form and find what kind of decimal
form they are?
(i)~ o G ()~
. . . P
9. Express the following decimal numbers in a form.
(1)0.53 (i) 16.8 (ii1) 105.25 (iv) 7.36
. . . P
10. Change the following decimal numbers in a form.
(1) 0.70 (i) 839 (i) 3127 (V) 5125
Irrational Numbers
So far we have seen the decimal conversion of rational numbers, for example, ﬁ =0.5,
7 = . o
re 1.166... .... =1.16 It is obvious from these examples that their decimal forms are

either terminating or non-terminating but recurring. Can you think of such numbers which
are non-terminating but not recurring?

1.414213 Lo
1.7320508 .......ccvvennnnnn
22360679774 ....cccvvveveennn



As you can see in the above examples, neither do the decimals end nor do they
repeat. These are called infinite non-recurring. See more such numbers. It can not be written

in the form of g }

Similarly, J3 =1.7320508075... ... ... ...

V5 =2.2360679... ... ... ...

These too can not be written in the form of E . 1.e. those numbers which are not

the perfect squares, their root is an irrational number. It means /4 , /36 1s rational

2 6
number because V4 =2 = 7 and J36=6= 7 but J3 and /7 is not a rational

number.

Try This k

Identify the rational number, irrational number in following numbers.

9
M6 (i) 7 (i) —v25 (V) -8 (M9 (Vi)\/%

n (Pi)
TC = 3.14159265389..............

7t (Pi) is an irrational number which is approximated as the ratio of perimeter to
the diameter of circle.

Perimeter C
'T( _—

" Diameter d

Does this mean that at least one of the two numbers in the ratio is irrational or is there no
such rational number which when multiplied to diameter to give us the perimeter. Often

22
we assume the value of 1 as Ea but this is just an approximate value of r.

Place Determination of Irrational Number on Number
Line.

We have see that several rational numbers are found between two given rational numbers
and these can be shown on the number line. Is there any place is blank between these
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rational numbers on number line? If the irrational numbers can also shown on number line
then we can surely say that rational numbers do not cover the whole number line. Let us see

how we can determine the place of /2 onnumber line.

ExampLe-3.  Locate the place of \/2 onnumber line.

Draw a perpendicular AB on point A (Fig.5). Take the length of AB =1 unit. With
the help of compass draw an arc of radius OB with O as the centre. It cuts the number line
ata point P. Because the value of OB is /7 ,s0 OPisalso /7 . Itmeans Pis the point on
number line which represents /2 . Hence, there can not be any rational number at this
point.

~.
.
.

A

Ol
B
\

Similarly, We may locate the place of ./3 on number line.
Drawn a perpendicular AB at point A on number line (Fig.6), Where we take
AB =1 unit. Join O to B, then OB =+/2 -

We assume the centre 'O' and cut the arc with OB as radius.

This arc is cuts the number line at a point P. Draw a perpendicular CP at P where
CP=1 unit. Join O to C. Assume the centre O and cut the arc with OC as radius, which cuts

the number line at the point Q. The distance OQ shows /3 .

Point Q corresponds to /3 .

\ 4




1. Following numbers are rational or irrational?
O V81 i —J/625 @) 11

81

) - 55 (V) 3.232323............ (M) 5.7070070007...

2. Locate +/5,/7 onnumber line.

3. Locate —/2,—+/5 onnumber line.

Real Numbers

If we show all the rational and irrational numbers on the number line then will any number
remain on number line? No, the collection which we get by combining the rational and
irrational number, will cover the all points of number line. This big collection (set) is known
as real numbers.

Operations on Real Numbers

We are doing operations of addition, subtraction, multiplication, division of rational numbers.
We have seen that the addition and multiplication of rational number is always a rational

number. Do we always get an irrational number when we do operations on irrational numbers?

See the following examples—
J5+(5)=0
Gx3=B=3

|

J5

In all these, the numbers which we got after operation, are not irrational. It means
the addition, subtraction, multiplication & division of irrational numbers does not always
give an irrational number.

Try This k

You take some irrational numbers and check by doing operations.

Find atleast 5 examples where we don't get irrational number after doing some
operations on them. Also think of such examples in which we get irrational number
after doing operation.
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Identifying Irrational Numbers

We know that /3, /5, /6,+/8,+/10 etc. are irrational numbers. However+/1,/4,/9

. 5 .
are rational numbers, but are 5 \/5 , \/5 -1, - and other such numbers irrational

numbers? Let us see-

We know J2 =1.41421....

J3 =1.73205
J5 =2.23606....
) Therefore, 54./2=641421..... This representation is non terminating and non

recurring. So (5 +2 ) is not rational number.

()  ~3-1=(1.73205........) 1
= 0.73205........cconn. is non terminating and non recurring.

Therefore /3 —1 isan irrational number.

(i)  3v2 =3x(1.41421 ... .. .....))
= 424263 ... is non terminating and non recurring decimal
number.

Therefore 3,/ is anirrational number.

. V5 2.23606.....
(v) —_— =
2 2
= 1.11803......ccoee.. is non terminating and non recurring decimal number.

5 . L
Therefore 7 is an irrational number.

‘What can be conclude from this?

By above examples we can say that addition, subtraction, multiplication and division
between one rational and one irrational number is always irrational number.

Suppose a and b are two positive real numbers. Then

) a«/g + c«/g =(a+ c)\/g



(ii) avb —cvb =(a—c)vb
@ a b=+ab

i [a
o $-F
(V) (\/Z+\/Z)(\/E+\/§)=\/E+ ad +~/bc +~/bd

(Where c and d are positive real numbers)

o) (Va+b) (Va—b)=a
vi)  (a+vb) (a- )=a2—b

1. Solve these-

() 3v2+342 (i) 36.24/3
2. Subtract 5./3 +7+/5 from 3./5+7./3.
3. Multiply 6+/3 by 13+/3 -

4. Solve these-
(i) (3+\/§)(2+ﬁ) (ii)3(2+ﬁ)(2-ﬁ)
(iii)(«/§+x/5)2 (i) (V5 -+2)(v5+2)
Some other Operations

When there are several parts in a real number, then how do we add?
How can we add g+/p + /b +e~/b ? This addition = (a +c+e)./p

Similarly other real numbers can be added.

Exavpie-4.  Add 7,355 10 9\3+745 .
SoLuTION : 943 +7/5+7/3 =54/5
=93 +7/3+7/5-55



EXAMPLE-S.

SOLUTION :

EXAMPLE-6.

SOLUTION :

O+ 7B +(7-515
1643 +2+/5

Subtract 3,/2 —2./3 from 3,3 -2./5.
3325 —(3v2 - 243)

=3J3-25-3v2+2\3
=33+23-25-32
=B+23-2/5-32
=53-25-32

Solve the following-
() V345 (i) 243 x 72 (iii) 2++/5) (2-+5)
(i) (V7 ++3) (V2 ++5)

() V3x+/5=\3x5=115

(i) 2J3x7v2 =2x73x2 =146

(iii) (2++/5) (2-+5) =4-5=—1

(iv) (\/7+\/§) (\/5+«/§) =14 +35 +/6 +4/15

Rationalisingthe Denominator

1

We have shown ﬁ on number line, then can we show ﬁ on number line?

1
What is the value of ﬁ . Making a rational number
of the denominator means
R 1 'rationalisation'
J2 141421377

Can we divide 1 by /2 =1.414213... ? This is not easy. Because ./ is non

terminating and non recurring decimal number. In this situation we need to rationalise the

denominator.



To rationalise the denominator we multiply both numerator and denominator of
1
22 2

1 1 V2 1 V2
——==—=X—==—+2=— thisishalfof /5.
R 5 this is half of /2

2
Can weshow 7 on the number line?

2
g ishalfof ./ , This is between 0 and 1.

1
ExampLe-7.  Rationalise the denominator of 4 \/7

I 1 4447 - .
SOLUTION:4_ﬁ 47 X PN [theratlonahsmgfactorof(a—\/3) is (CH—\/Z)]

447
- (4)2_(\/7)2
447
o 16—7

_4+47
9

E -8.  Rationalise the d natorof ——=.
XAMPLE ationalise the denominator o 3+ 02

3-v2 3-2 3-\2
SOLUTION:3+\/§ = 3202 X 3_ [therationalisingfactorof(a+\/3> is (a—\/a]

3x3-3xv2 —2x34+2x2
() ~(v2)
9-6J242
92

11-62
7




y Try This

Rationalise the denominator.

. 1 . 1 ces 1 1
M 445 (@) 7+43 (i) 7+4\/§+2+\/§

Simplify —
() 743 +1143 (i) 54/7 247

Find the sum of 2,/2 4+ 3+/5 and 5,/2 —24/5.

Subtract 3./5 +54/7 from 8/7 —5./5.

Simplify.

0 (2++3) 2-+3) (if) (5+5) (5-5)
(i) (V2+3) (V3+B)  (v) (y7 -3

Rationalise the denominator.

N N L2l
0 75 i) 7 (i) =75
If a and b are two rational numbers then find the value of a and b in following
equations
6+43 J5+43
i — i) S~ =a+byI5
) 6—3 a+by3 () 5.0
Simplify
543 2-V3 2443 2-43 B3l

N SN - L Y - S S Y S

1
If x=3-2./7 then find the value of x + e




What Have We Learnt k

10.

11

P
Any number is said to be a rational number, if it can be written in form ; ., (g=0)

where p and q are integers.

Any number is said to be an irrational number, if it can not be written in form
P 0 .
a (@#0) when p and q are integers.

To find a rational number between two rational numbers, take average of both
rational numbers.

There are so many rational numbers lying between two rational numbers that
they are not countable.

Decimal expansion of a rational number is either terminating or non terminating
and recurring.

Decimal expansion of irrational number is non terminating and non-recurring.

ﬁ , JE , JE ,m areirrational numbers.

We get a set of real numbers by combining all rational and irrational numbers.

Every point on the number line corrosponds to a unique real number and every
real number corresponds to a unique point on the number line.

By adding, subtracting, multiplying or dividing a rational and an irrational number
gives us an irrational number.

o . ! . Na+b
To rationalization of the denominator of NPEE We multiply it by m
- a

when a and b are integers.




Exponent

Nidhi, Mayank and Reshmi were asking each other questions about numbers-
Nidhi- What will we get when we multiply ten thousand by one lakh?

Reshmi- Hundred million which is the same as one billion. But do you know
how many zeroes are there in this number?

Mayank- These will be 9 zeroes because ten thousand is10* and one lakh is10°
and 10*x 105=10°.

Mayank- My turn now. There are seven boxes. Each box is inside a bigger one.
The smallest one has 2 beads and the next bigger box has twice as many and so

on for every next box. Then how many beads are there in - Slga= = S

the seventh box? It is very difficult, it will take you a long time.

Nidhi- Why? 7 box and the numbers is doubled each time that
23 means 2 X 2 x 2 x 2 x 2 x 2 x 2 means 2’= 128.
2425 Reshmi- But let us try and also find out the total numbers of beads.
26

2 Discuss among yourselves and find out the total number of beads.

Try This

There are four rice grains in one of the square of the chess board. In the second
square next to it, the number of grains is four times of that, in the third square
number is four times of second and so on. Tell me how many grains of rice will
be there in the fourth square. Write it in exponent form?

Solve these-

B 3°x3’ (i) 17x17x17x17 (i) 5%x3x3x3x3

o (- w22

Distance between Sun-Earth is approximately 150000000 kilometer. Write it
as an exponent?

You can also prepare three question of this kind and give friends to attempt to
solve them.




Laws of Exponent

If a is areal number and m, n are integers then,

1. Rule of multiplicationis 5" x 4" = o™*"
2. Rule of divisionis — =a" " (a # 0)
a
3. Rule of powers of exponent is (a'” )n =a™

4. (ab)m =a"xb"

5 [ijm_ﬁ
' b b™

6. Meaning of a’

a B
=a"™" where 3 = 0

if m=n, then

1=a’
Therefore 5° =1
L

a" ;oram=a

7. am=

ExampLe-1.  Simplify these-

6
() 3°x9* (i) (4>’ x[%]

Sorution: (1) 35«94
= 35 5 (3)* = 35 x 3% [(a'” )
L3538 30549 @ xa" =a

— 313

62 4 65
iy X6 )64X




(i) o @y =a""

68 % 65 68+5 613 ., . i
= 64 = 6_4 [Cl xXa =a ]
63— g a_n: a™"

a
Simplify the following-
. 5% x5° .. (22)' x§’
Q) 57 @
(9% 3)°

W ey

Gv) (3x2)*x @) 6




Negative Exponents

We know that numbers can be written in the form of other numbers and their exponents-

Like-

1 kilometer  =1000 meter = 10°meter
1 hectometer =100 meter = 10>meter

1 decameter =10meter = 10'meter

1 meter =] meter =9

Here the number are expressed in the standard form of powers of 10.
If we have a number smaller than 1, then how do we write that -

To do that let us look at the following pattern-

I decimeter = 10 meter = 1 ()~! meter
1 centimet _L ter= 1072 t
centimeter = " meter = 1> meter
11 == - = _3
1 milimeter 1000 meter = 1~ meter
As shown ab ite —=——=10"
s shown above, we can write =7
100 10x10 10
1 1 _ 13:10_3
1000 10x10x10 10
Thi ! =10"
smeans oy
Then s =10"? Discuss.

10"



1
We write 4 as yeR Similarly, we can write-

1
5t

Let us consider some more examples-

5—6

From the above examples we can see-
1=6x67
1=9%x97
PFx33=1

|
Using these we can say that for any rational number 'a’ (other than'0") @~ = —-,

a

which is the multiplicative inverse of ;™ .

because ;" x 4" — "™ — 40 — 1, where'm'is an integer.

‘ Try This
1. Express the following numbers in exponent form-
.o L N 1
O 3 3 CRTY:
2. Write the multiplicative inverse of-
O 107 @ o @ pr W 57

3. Simplify each of the following-

2
@) ((52)3><5“)+56 (i) 22><237><3‘1 (i) 142 x1372)+6"!




EXAMPLE-2.

SOLUTION :

ExAmPLE-3.

SOLUTION :

ExampLE-4.

SOLUTION :

Simplify each of the following-

(i) 3% %378 (i) (—2) x(-2)*
) Weknowthat:3 ' == |a" =
@) e know that- 3 o
4
Hence, 3* x37% =3¢ Xis = 3_8
3 3
— 34—8 — 3—4
1 1 1

@ DD T Ly (L

1 -7
= — (=2
2y (—2)
Find the values of -
1 47
7 -2 - -
@) 5 @ i) o
L2 1 1
O (5 5x5 25
(ii) 2—15:25:2><2><2><2><2:32
47
(i) 7 =4 =4 =dxdxs=64
Find the values of -
b 4 _3 .o
O 7 @ 4 %162 x4°
0 i]_3 SO [ﬁ]mzﬁ
1 7 (7)—3 7—3 b bm




7?1
= — |d = —
43 am
_TIXTXT 343
4x4x4 64

()  4*x162x4°
4 x4
162

4* % 4°

-

ExamvpLe-5.  Simplify-

0 0 12 R
. ol i = e know that |—| =—
SOLUTION : {[3] [2] } [5] W W [b] o
12 13 1? o o
| eyl Rl we know that a :—manda =—
3 2 5 a a
B AT e
e B L)

19
=(27-8)+25=—
( ) 5




ExampLe-6.  Simplify- [g

b o

4
217 (25)°
0 — X R
SOLUTION : [ 5] [ 4 ]
-3 2 -2 2
2 5 25 5x5 5
N [5—] 8 [ 3 ] 1-I—ﬁ—2—2
3 4
2 554 %243 likeLmza_m and%mzam
23 54 a a
Y
5
3V (2)
ExampLe-7. Ifx= 5 X 3 then find the value of x 2.
S =B
OLUTION : > 3
2 _4 m m
x:3—><2— weknow[i] =2
2?3 b b"
_32 34_32-‘1-4_36_36
R
6] 12
BT
2 2
L322 (2)
X _2—12 _312 o 3
ExavprLe-8.  Simplify-
32m+1 X93m B Xa+bya—b

(@) I (i) —Xa+2bya—2b




2m+1 3m
3 x 9

SoLuTiON : (1) 3

- 32m+1 % (32)3m

34m+1

2m+1 6m 2m+1+6m
3 x 3 3

34m+1 - 34m+1

38m+1

= 8m+1-4m-1
34m+1 = 3

— 34m

Xa+b ya—b

(11) Xa+2bya—2b

_ —(a+2b)  —(a-2b)
=Xa+bxyab><X ><y

— Xa+b—a—2b > ya—b—a+2b

Expanded Form of Decimal Numbers

Expanded form of 328 is-
328=300+20+8
=3x100+2x10+8x1
=3x10>+2x10"+8x10°
Similarly, 4158 =4x1000+1x100+5x10+8x1

=4x10*+1x10%+5%x10" +8x10°




I A

Similarly, if we expand 132.28 we get the number in the form of exponents-

1 R
= 0+ — +
132.28=1x100+3x10+2x 10 2><10 8 x 100

=1x102+3x10"+2x10°+2 x 10"+ 8 x 102

Write the following numbers in expanded form of exponents-

()] 15.1 (ii) 512.23
(i)  537.204 (iv)  205.003

Standard Representations of Very Large and Very
Small Numbers

Large number such as- The diameter of the Sun is approximately 1400000000 meters,
can be written in the standard form as 1.4x10° meter. The number will be written as powers
of 10. Similarly, 6.2x10° meter will be expressed in the common form as- 6.2x100000
meter = 620000 meter.

Similarly, a very small number like- The charge of an electron is
0.00000000000000000016 coulomb, can be written as 1.6x107"° coulomb.

Here we write numbers in the form of powers of 10 and represent both large and
small numbers, in the standard form.

Comparison between Very Large and Very Small
Numbers

The distance between the Sun and the Earth is 1.496x10'"'m and the distance between the
Earth and the Moon in 3.703x10%m. During a solar eclipse, the Moon comes between the
Sun and the Earth. What will be the distance between the Moon and Sun at this time?

= 1.496 x 10'"—-3.703 x 10*

= 1.496 x 1000 x 10%-3.703 x 108
(1496 —3.703) x108

1492.297 x 10*m
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ExamrLe-9.  Express the following in standard form -
() 40600000000 (i1) 2150000000000

SoLution : (i) 4.06x10"

(i) 2.15%10"

ExamprLe-10.  Express the following in the decimal form-

) 3x107° @  4.37x107°
SoLutioN : (1) 3x10°°
= 38= 3 =0.00000003
10° 100000000
@  4.37x107°
:4'357: 437 .0000437
10° 100000
‘ Exercise - 3.1
1. Find the values of -
. [1] 1 6’
) ) (ii) 37 (i) PRy

2. Simplify each of the following-

o [3)
0 (4 x(=2)" @ (=3 X(gj (i) (=5 ="

3. Simplify-
l6xt™>
i _ t=0
@ 473 x8xt° ( )
4. Prove-
X_a a+b ) X_b b+c ) X_c
(1) Xb Xc Xa
. 1 1
(i) p— =




5. Write the following numbers in the standard form- & e
() 0.00000000000852 (i) 8020000000000000 g : _ 7
i) 41960000000 ? |

6. Express the following numbers in the decimal form- '
(¥ 5.02x10°° (i1) 7x107*
(i)  1.00001x10’

7. Write numbers in the following statements in standard form-

@) Size of red blood cells is 0.000007 m.
(i) The diameter of the Earth is 12756000 m.
(11) Thickness of a paper is 0.08 m.

Positiverational Exponent

We know that 2° =8

: . !
We may express this relationas g3 _ 5

1
Similarly, 5°= 125 can also be expressed as (12 5)5 =5.

In general, if x and y are non-zero rational numbers and m is a positive integer such

1

1
that x™=y, then we may write _,,, =x. We may also write _,, as f\n/§ and call it the m™ root

y y
ofy.
For example the second root of 9= /9 = 2/9 =3
1
Some other example are, the volume of a cube is 64 units so its side will be 643
units means-

Third root of 64 = J64 =4 units The second root is called
That s the side of cube will be 4 units. 'Square root' and the third

root is the 'cube root'.
Fourth root of 625 = 4/625 =5

Thus we can define x™ as a positive rational exponent m.



7
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Ifx is a positive rational number and ™M= q 1s a positive rational exponent, then

we define x§ as the q" root of xP.

.4 L
For example the volume of a sphere is 3™ (125) implies 7 = 125

So its radius will be-

1 1

r=3125 =125 = (5°)
Radius ,. _ 5% —5_5
1

That is, xs = ( xP )E

5
For example, (8)3 can be expressed in various ways-

ExamvrLe-11.  Find the value of-

O () (i [2‘%)
SoLution : (i) (27)% = (272 ); = (729)%
= (3x3><3><3><3><3)é

:36><% =32 =9



1 2
or (27)% = (273

ap
=2 ] -
4 [ n*
) 32 s _ (2><2><2><2x2j5
(ii) (EZEJ 3x3x3x3%3
14 14
-5 -9 -
3 3 3

_ 2x2x2x%x2 _&
3x3x3x%x3 &1

4 r 4
2y (2
of 243 243

- 1
5\ 754 s
- 3_5 = |: 35><4 j|

220 % 24

(3 L

\3/ 8l

In the above example, we have used both the forms. Which form do you think is
easier for the purpose of calculation?

O] —

The exponent rules also apply to rational exponents. Let us see.

4 ( 4\
The first method — | x| —
(35) +(35)



or

The second method

_ x4 _ 16
25x25 625

25) \25
Rational exponent also follow the rules of exponents ym o yn — ym+n.

5 3 53
Is E 4+ E t E ) 4, let's check this-
81 81 81
5 3 53
E 4; E 4_ E 4 4
81) |81 81

1 3 13
4\ ( 4\ 4 )22
We get the same value by both the methods. Hence (—) X ( j = ( j .




16
81

ExamrLe-12.  Find the value of each of following-

@

SOLUTION :

(1)

4

22
= (_J R.H.S.=L.H.S.

5 3 53
ol
81 81

Therefore, this follows the rule x™ =+ x"=x""

8 % 8 % .
(mj X(EJ (“) [

@ Rule of rational numbers g™ x " = g™*"

()7 -(2)
125/ \2s
8 8 64
125 125 15625

7 5

27)s (27}

64 |64
7-5

-

2
C(3)5 (3 _3x3 9
4 4) 4x4 16

2
3




Find the values of-
3 35 53

5
(16)s (16)4 .. (16)s" s .. (16)a 4 . 2
Q) [a] X[a] (i) [E] (iif) [a] (iv) g3

Which is the Bigger Number?

From 27 and 16, 27 is bigger, but which one is bigger from /16 and3/27 ?

JI6 = 2x2x2x2

Means Ji6 =2x2

=4
And 27 =3f3x3x3
Means 37 =3
Therefore Jie > 327
Similarly,

Is ¢/64 biggeror 3125

o4 = €/2><2><2><2><2><2
=2

125 =3/5x5x5
=5

Thus, 3/125 > ¢/64

1. Which is the bigger number out of the pair?

®) 125, 36 (1) V121, 3729
() 4625, Y1024

2. Writein descending order- 3/125, 3729, 1024, 36




L Mamewancs-ix
Surds

An irrational number £/, is called a surd, here 'a' is a positive rational number. The sign

'/ 'iscalled the sign of the surd (radix). The number p is called the order of the surd and
'a'is called the radicand (quantity under the radix) of the surd.

J5,/3,+/2 areirrational numbers, where as 3/g is a rational number because

38 =2.In \/5,/3,4/2 theradicands 5, 3, 2 are positive rational numbers so /5,/3,/2
are surds. In 3/g theradicand 8, is a positive rational number, but 3/g is not irrational and

hence 3/g isnotasurd.

Is /2 ++/3 asurdornot?

Since /3 is an irrational number and 2 is a rational number and since the sum of a

rational and an irrational number is an irrational numbers. Hence 2 + /3 isalso an irratio-

nal number. Radicand of the expression /2 + /3 is irrational therefore this is not a surd.

ExampLE-13.  Out of these which one are surd?
0 Y5+ (1) NNE)

Sorution: () 35+/9

1
= 23% |:r<'/;=ym:|

[\9}

-+ 3/5++/9 =2isarational number, so it is not a surd.

i V3

—_

32
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So this is a surd.
y Try This

1. Identify surd from \/ 3+4/16, \/ J16, \/ 3++/2 and write the reasons for your
choice.

2. Write 3 numbers that are irrational but are not surds.

y

1. Find the value of each of the following-

1 1

O 162 M@ (243)5 @) (15625)6

2. Simplify each of the following-

. [ ; 4 s
® 232232 W@
7 1 . 3 5
(@ 5y eop ) 15215

3. Find the values of-
4 s
. 625 (625 } 20 (2]
® [81] '[81] o [13] '[13]
1 3 . 2 1 4
@ 3,92 .02 V) 573 2273 x 273



4. Write in an ascending order the surds given in each of the following sets-

i /81, V64, Y512 () 625, 100, 3343
(i) 3216, Y243, Vo4 v) 4256, Y128, Y1000

5. In the following , find out which are surds and which are not-
0 8 i o4 @ V90

@ Js+2 M 244

What Have We Learnt k

1. When we multiply a number by itself many times, we write that in the exponent
form. The number is called the base, for example in 3¢, 6 is the exponent and 3
is the base.

2. The exponent is a way to write very small and very large numbers in a brief and
standard form.

3. Multiplicative inverse - The multiplicative inverse of 2°is PER

4. Rules of exponents-

xm X xn e xm+n xm N xn o xm—n
(xm)n = x"n XM X ym — (xy)m

Here x and y are non-zero rational numbers and m and 7 are rational exponents.

5. Rules for rational exponent are the same as for integer exponents.




Digit and Numbers

Consider the following statements:

You are reading chapter no. 4. Gomti's age is 14 years. The night temperature was
10° celsius. The population of Aamgaav is 6000. There is 30 kg of rice in the sack. The
distance to mars from Earth is 54.6 million kilometers. The speed of light is 186000 miles
per second etc. Several such statements are part of our conversations.

In all these statements 4, 14, 10, 6000, etc. are numbers that are written using the
digits 0, 1,2, ....., 5, ....., 9. These can also be written using other kind of digits as symbols
(L1, ....., IX, X, .....) or written in some other number system. Can you give some other

examples of numbers written using a different system?

Some more Mathematical Statements

In all the above statements we expressed distance, age, temperature, population, speed
etc. using digits and numeral systems.

We make use of some other types of statements as well. For instance-

° Ifthe side of a square is a, then its perimeter will be 4a.
° The length of a rectangle is / and its breadth b, find its area and perimeter.
° The age of the father is 6 years more than twice the age of his son's. This statement

can be written as x =2y + 6.

pxrxt

100

° The relation between principal, interest etc. is simple interest =

] Two lines make an angle © with each other.

In all these examples a, /, b, x, y, 1, t, O etc. all signify some number. These are
known as 'literal numbers.'

Do you see any difference between the two types of numbers mentioned above, i.e.
numbers written using digits and literal numbers?



Are there any such literal numbers  One difference is that 5, 14, 10 etc. are written using digits

whose numerical values is fixed? whilea, [, b,x,y,7,t, 0 etc. are expressed using alphabets.
One such number is 7. Another difference is that the first type of numbers are a
fixed value while the literal numbers have different values in

If the diameter of a circle is D, than its cir- diff A
cumference P will be written as P = ntD. erentsituation.

Here the values of D will be different for ~ Do they also have some similarity?

different circles and hence the values of their  Think about the situations where you use literal numbers.
circumference P. But the values of © will  cap we perform operations like additon, subtraction,

multiplication or division on literal numbers as well?

.22
remati == ot 3:14. You can discuss such question with your friends.

Do you know any other such literal num-
ber?

Algebraic Expression and their Terms

In previous classes, you may have seen several examples of numbers in which literal numbers

were also used:-
3a’ 4
like, 4a, ca Catbre, ST P23, (x43), Ji m-9, 2p +q

We know each one of these as an algebraic expression.

In these algebraic expressions, some have only one term, some have two terms
while others may have three or more terms.

NEYR

For example, 4aq, 0 Eﬂ r , Sax?yz etc.

are all algebraic expressions having only one term.
(x+3),m—9, 2p + g etc. are algebraic expressions having two terms.

Inm—9, m and —9 are the two terms and in 2p + ¢, 2p and ¢ are the two terms,
similarly a + b+ ¢, x* + 2x + 3 are algebraic expressions having three terms. Ina + b + ¢,
a is the first term, b is second and c is the third term. In the second example x? is the first
term, 2x is second and 3 is the third term.

Can you think of why these have two or three terms while several expressions that
seem longer contain only one term?

The term of an expression is a number, or an literal number or the product of one or
more numbers and literal numbers. The expression can be long with many numbers and
literal numbers multiplied to each other. Any expression is made up of one or more than one
term. The terms of an expression are decided based on '+' or ' and not on 'x' or '+' signs.
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Look at the following :

1. 3x 2. 2x + 3y 3. —xy —4x + 35
One term Two terms Three terms
~

4, yz 5. 'ZF‘/

One term One term

How many terms will be there in the expression 2P + P, (x + 3)%, (x—y)*? Can you
say?

By just looking at all the three expressions, it may seem that each one of these has
two terms since these terms are seperated by '+' or ' signs, but it is not like that. We can
replace 2p + p by 3p and thus, it is clear that 3p is just one term. Similarly observe the
following:-

(x+3)? can be written as x>+ 6x + 9, where we can see three terms.
(x—y)?can be written as x> — 2xy +)?, here also there are three terms.

You saw that when we simplify the expressions we find that the number of terms
can be different from what appears to be before simplification.

Therefore, we can say that if it is possible to write an expression in its simplified
form then we must count its terms only after writing it in simplified form.

Polynomials (Special Kinds of Algebraic Expression)

Some algebraic expressions are given below:-

x>+ 5x p-—1 =2+ 3x -7
All these are called polynomials. Is there any special property that is common to all
these?
Look at some algebraic expressions that are not polynomial.
1
+ — + %+ 3_2p+ 3 -l
Xt Py, P-p+ifp,

Can you find any property in these four examples that makes them different from
the previous examples? What could be the reason for these not being polynomials?
Compare all the expressions those that are polynomials and those that are
not polynomials. Discuss with your teacher and friends about when can an expression

be called as a polynomial and when it cannot be?
are whole numbers



You would have reached the conclusion that only these algebraic expressions that
have non negative integral powers of literal numbers, are polynomials.

. TryThis h

1. Which of the following are polynomials-

®  S-3, @M 5y7 (iif) P+;,

1

) a’th M

V) 5pP+2p+l

2. Make 5 new polynomials.

Terms of Polynomials

We need to learn how to count the numbers of terms of a polynomial, to find the coefficient
of'the terms of a polynomial and to find the powers of polynomials. We will need them later.
In the polynomial x* + 3x, these are two terms, first term is x* and the second is 3x.
Similarly there are four terms in m?* - 2m? +9m + 1, three terms in x? - x + 1 and one term
in3y.

The polynomials are named according to the number of terms in them. As polynomials
are algebraic expressions therefore their terms are counted just as an algebraic expresions.

In the above examples:-
3yisamonomial,
x>+ 3xis a binomial, x?-x+11is atrinomial,

m?®—2m?*+9m + 1 is a polynomial.

Think and Discuss k

1. How many terms can be there in a polynomial? Would they be finite or infinite?
2. Is 2p + p amonomial or a binomial?
3. How many terms does the expression (x +2)? has?

A

O 9 @ ity G & 2ap+b (V)

V) 4x—y M) 2m+c Vi) x* 43x% 41
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Degree of Polynomials

In a polynomial there are some other numbers that are written in the terms of a polynomial
in the form of literal numbers. For example -
36— 2x*+3x*+ 9

In this polynomial, the powers of the literal number x are 5,4and 3 Polynomials of degree one
respectively. The largest power among these is 5. In this situation, the degree  are also called linear
of polynomial 3x° — 2x*+ 3x* + 9 is five. polynomials.

Look at some more examples.

- o
In x* + 3, the degree of the polynomial is 2. What will be the degree of

In x?>—2x"+ 3x— 1, the degree of polynomial is 7. polynomial xy? In the
In 5y, the degree of polynomial is 1. polynomial xy, there are two
What will be the degree of the polynomial x?y + x)? variables; xand y. Both have
In the polynomial x?y +xy, 2 is the degree for x in first term and 1 Ezigyf ;;&2;1 ;l;)}; ?s gcfugarlice) ﬂ(;f

is th for y. Therefore th forx’y1i imilarly 2 is th .
is the degree for y. Therefore the degree for x?y is 3 and similarly 2 is the sum of these degree i.e., 2.

degree for xy. So the degree of x>y + xy is 3.

Sometimes, numbers are also represented by letters. In this case, literal number are
fixed or are constant. For example in ax + b, if a and b are constant, then literal number
x is a variable but a, b will be constants.

y TryThis
1. Inthe following polynomials find the degree of the polynomial. '
() 8 (ii) xXyz @)  wvt+w?+HV?

2. Write some polynomials, and with the help of discussions with your friends, find out

their degrees.

Constant Polynomials

Now think about this question:-
Is 6 an algebraic expression?
Is 6 also a polynomial?

It seems that because there is no literal number with 6 and in the standard example
of expressions we always find an literal number, so 6 not an algebraic expression. But can
we not write 6 as 6x°? (x° = 1).
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In this the power of literal number x is zero. Zero is a whole number. Therefore 6x°
or 6 is also an algebraic expression and a mononomial too.

So, terms that are just a number are also algebraic expressions as well as a polynomial.
Such polynomials are called constant polynomials. That means 2, 7,6, —, 122

2
are constant polynomials. Can you make a few more examples of constant polynomials?

Representation of Polynomials

Sometimes we require that a polynomial be written several times. In such situations we will
have to write the big long polynomial several times. There is one more way to express a
polynomial. In this we only know the literal number of the polynomial but nothing else.
However in the context of the question, we know which polynomial does the expression
relate to.

Ifthe literal number of the polynomial is x then we express it as p(x), g(x), 7(x) etc.
Ifthe literal number of the polynomial is y then it is expressed as p(y), ¢(y), s(»), (). See

few examples:-
px)=3x—2x*+3x*+9 t(x)=x—2x"+3x-1
qg()=5y s (u) =u? + 3u? r(b)=br"-b+6

In this, there is no basis for choice p, ¢, g. But if we choose them, we must use the
same form for that particular question.

General form of Polynomials

Observe the polynomials of degree one given below carefully.

13
px)=2x+3 g =2 —x s@W=5%+ 3
rx)=x p)=JTx-4  pE) =2(3x+8)

The maximum number of terms in these are two.

Think and Discuss k

Can you make a polynomial of a single degree with more than two terms. Keep in mind
that while making a polynomial, similar terms must be collected and written together.
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In the above examples, every polynomial has atleast one literal number. In other
words we can also say that in these polynomials the coefficient of the literal numbers is

1
never zero. Besides, other real numbers (+3, 4, 5 s ﬁ , 0 etc.) are also included in the

polynomials.
Can we express these polynomials in the form of ax + b where a and b are some
real constant numbers and a # 0?

Compairing the second example to ax + b:- The number that multiplies the literal

\/5 x S \/5 number is called as the coefficient. For
example:- m? — 3m? + 1, the
=(-Dx+ 2 coefficient of m’is 1 and coefficient

) coefficient of m? in m>+ 1?
Here, a=(—1)where aisnot zero.

b= /o where \/p isareal number.

. T N
We can see that polynomial ./ —x is similar to ax + b. e —

See one more polynomial:- rational and irrational numbers.
x=1xx o 0l 1 4 2
=1Xx+0 T4y 1y Yy Ly a"-3_23_57_73
axtb AT
a=1,6=0

Therefore polynomial x can also be written in the form of ax + 5. Now write the
remaining four polynomials in the form of ax + b.

ax + b is a linear polynomial of x with degree 1, in this a and b as real constant
numbers and a # 0.

Now consider the following polynomials:-
3
4x2 + 3x, -2 +2, x?—4x -9, \/Emz—im—9

These polynomials are binomials each with one literal number. These are called as
quadratic polynomials. We can write these in the form of ax* + bx + ¢. Where a, b and ¢
are real constants and a # 0.



Try This A

Make five new quadratic polynomials.

What is the largest number of terms possible in a quadratic polynomial?

What is the minimum number of terms possible in a quadratic polynomial?

General form of Polynomials with higher degree
Consider 4x°+2x>+5x-7, y*+3y*-5y°+7y, m*>-3m’+2, 2°-52°-3z°+2z

These are all polynomials. We can see that in these, the degree of polynomials is
increasing and the number of maximum possible terms may also increase. In all these, apart
from various powers of x, y, m, z etc. we have numbers that are real numbers. The degree
of'a polynomial depends upon the maximum degree of the literal numbers (x, y, m, z)
contained in it. Therefore the coefficient of the literal with the maximum power can not be
zero. Hence, we gave the condition of @ # 0 for polynomials with degree two.

We will study more about polynomials and will also get to know about different
uses of literal numbers. We will see the more generalized form of the polynomials for all the
degrees. All this will however, be done in further classes. Can you write the polynomials
with higher degree in a forms like ax + b, ax> + bx + c.

Zero Polynomials

If all the coefficients of a polynomial are zero; for example in ax®+ bx + ¢ with a=b=c¢
=0 then we will get 0 as the result. This is called as zero polynomial. The degree of this is
undefined. Therefore it can be written as a polynomial of any degree.

h

Which of'the following expressions are polynomials and which are not? Give reasons

for your answer.
1 b 3 e
. , 3
(iv) X"+ 5 ) X104 33 4 £50
2. Write the coefficient of x? in the following polynomials :-
1
(@ 32+ 2x*+3x+2 (i) 3x2+ 1 (iil) 252 + Ex3

2
X 1

3 RS 1 4+ 3+_ 2

() 7 + v) Xtk X



3. Write the coefficient of x and constant terms for the following:-

1
i) X AxS @  2x+7 ) 242

4. Write an example for each of the following:-

1) binomial of degree 4 (i) trinomial of degree 6

(i)  monomial of degree 5

5. In the following polynomials write the degree of each.
3
() xX—6x*+x+1 (ii) V' =3y + 5y2+4 ) 3-yz
iv) xy-2x+1 v) 5t— 11 vi) 7
6. From the following, pick out the constant, linear, binomials and trinomials.
. ; 3
@) ¥Hxr+x+1 (i) 9x? i) y+y*+ 1
(v) t+3 vy v 8
) : 2
(Vi) 2x* +3 (i) PP-P+5 () X+
4 Noo_%_ 3 L3
) ) gty ) 3

Zeroes of a Polynomial

By putting values x = 1, 2, 0 etc. in the polynomial p(x) =x* +x— 6 we get,
atx =1, p(H=1+1-6=-4
p()=-4
We say that, for x = 1, p (x) has the value — 4.
atx=2
p(2)=4+2-6
r(2)=0
For x =2, the value of p (x) becomes 0. We say that 2 is a zero of the polynomial
p).




We can say that if the value of a polynomial is zero for some value of the variable
than that value of the variable is a zero of the polynomial.

Exawvpre-1.  Find the zero of the polynomial p(x) =2x+ 1.

Sorution : Finding the zero of a polynomial is similar to finding the solution of an equation.

For p(x) =0 we need the value of x which satisfies it.

Therefore, it is the value of x, when 2x+1=0

-1
2x=-1 or X=7
Clearly, putting the value x = _7 in p(x) we get zero. Therefore _7 isazero of

the polynomial p(x).

Exampre-2.  Check if 0 or 2 are zero of the polynomial x? —2x.

SoLutioN @ p (x) =x*—2x

then putting x =0
r©0) =(0)-2x0=0
that means 0, is a zero of p(x).
putting x=2
p(2) =22-2x2
=4-—4=0

another zero of p(x) is 2.

_ Exercise - 4.2 k

Find the value of polynomial 5x* — 2x* + 3x — 2, for
@) x=0 (i) x=1 @) x=-2

For all the following polynomials, find the values of p(0), p(—1), p(2), p(3).
() px)=4x+2x*—3x+2 (i) pr)=(r-1)@Fr+1)

)  pO)=07-y+H+1

W | =

2 1
@ p@O=73 -3+

V) pE=x+2
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3. Find out if the values written besides the polynomial, are their zeroes.
. -1 .
0 peo=3v+lsx=— @) pe)=x+2;x=-2
5 .
(i) p)=5x—45x=" )  po)=y'-1l;y=1,-1

V) pO=@+1)(t-2);t=+1,-2 i) p(X)=lx+m;x=%

-1 1
I T

4. Find the zeroes of the following polynomials
®  px)=x+6 @  px)=x-6 (i)  p(y)=>5y
@iv)  p(t)=at, a#0,ais areal constant number.

v) p(r)=cr+d, c#0, c, d are real constant numbers.
)  pu)=3u-6 (vi)  r(s)=2s+3

12
(i) pe) =5 —x ) q0=71-3

Addition and Subtraction of Polynomials

We have practiced the addition and subtraction of algebraic expressions. We have also
learnt that all polynomials are algebraic expressions. Therefore the addition and subtraction
of polynomials is similar to that of algebraic expressions.

We can perform addition/subtraction of the coefficients after observing all the terms
and collecting similar ones.

Consider the following examples and tell what things you need to keep in mind
while solving such questions.

Exampre-3.  Add the polymonial 3x* —x* + 5x —4 and 3x? - 7x + 8.
SoLUTION : 3x* — x* + 5x — 4 (We will write terms with same degrees together).
+ 3x* — Tx + 8

3¢ +(-143)x° +(5-7)x+(—4+8) = 3x +2x° - 2x + 4




3 1
ExavprLe-4.  Find the sum of the polynomials 5 V' +y2+y+1 andy*— 5 y =3y+1.

3
SOLUTION : ?)’3 +y? o+ oy + 1
4 I 5
+y' — =y -3y +1
2
4 3 1), 2 -~ 4 3 2
L Y +(1-3)y+(1+1) = Yy Yyt -2y 42

ExampLE-5.  Subtract 4x* + 3x — 2 from the polynomial 9x? — 3x —7.
SoLuTION :  9x? — 3x — 7

4x* +3x -2

— — +  (signchanges on subtracting)

(9-4)x* +(-3-3)x+(-7+2) = 5x* —6x—5

ExampLe-6.  Subtract s(z) =3z — 52>+ 7 + 32 from x(z) = 22> - 5+ 11z - 2°

Sorution :  First write both the polynomials in the decreasing order of the power of
literal numbers.
2)=222 -5+ 11z -2 = -2 +22 + 11z - 5

and sS(2)=3z — 52> + 7 +32 =32 - 522 +3z +7
x(z2)=s(z2)= —2* + 222 +11z - 5
322 — 522 + 3z + 7

_ o+ _ _

(-1-3)2 +(2+5) 22 +(11-3)z+(-5-7)

= —47° + 72° + 8z — 12

ExampLe-7.  Find the sum of the polynomials 3x +4 — 5x%, 5+ 9x and 4x — 17 — 5x2.
What is the degree of the polynomial obtained after the addition.
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SOLUTION :  _5x2 43y +4 (Writing all in decreasing degree ofx ).
+9x+5
+ —5x* +4x-17

(-5-5)x" +(3+9+4)x+(4+5-17) = —10x" +16x—38

The resultant, polynomial —10x> + 16x — 8 has the degree 2.

ExampLe-8.  Subtract 7(x) =2x*>—3x— 1 from the sum of p(x) = 3x>— 8x + 11 and g(x)
=—4x?+ 15. Find the degree of the resultant polynomial.

Sorution :  First, we add p(x) and ¢ (x).
px) +qx)= 3x>—8x+ 11
—4x> +15

(3—4)x*—8x + (11+15) = —x? —8x + 26

Now from this sum, subtract 7(x)
px)+qx)—r(x)= —x*—8x+26
2x*—3x -1
- + + (On changing the signs)

(—1=2)x% +(—8+43)x+(264+1) = —3x> —5x+27

px) + q(x) —r(x) = —3x>—5x +27

Therefore, the degree of resultant polynomial —3x* — 5x +27 is 2.

ExampLe-9.  Find the sum and difference of p(x) = 4x*+ 3x* + 2x — 1 and g(x) = 4x*
+2x* — 2x + 5.
Sorution:  p(x) tg(x) = (4x*+3x* +2x — 1) + (4x* +2x* — 2x + 5)
= @G+ +B+2)x*+2-2)x+(-1+5)
= 8+ 5x*+0x +4
= 8x* + 5x* + 4
Similarly, the difference is
p(x)—qx) = 4+ 3x*+2x— 1) — (4x*+2x* —= 2x + 5)
= G-Hr+B-2e+Q2+)x+(-1-5)
= X +4x-6




Find the sum and difference of the following polynomials and give the degree of the
resultant.

O  p)=y*+t5r,q(0)=3y-5
G  p(r)=5r-9,5(r)=9r -4

i) p)=15"-57+27, s(y)=15*-9

Sometimes when we know the sum or difference of two polynomials and know one of the
polynomials, then we can easily find the polynomial.

ExampLE-10. What should be added to 2u*> — 4u + 3 so that we get the sum as
4P — 5u +1?
SoLuTioN : Suppose that on adding g(u) in p(u) = 2u* — 4u + 3 we get r(u)=4u*-5u*+1.
Thatmeans  p(u) + q(u)=r(u)
q(u) = r(u) — p(u)
qu)y = (4’ -5+ 1)— Q2u*—4u+3)
=4 -5 +1-2u+4u-3
=4+ (-5-2)u*+t4u+(1-3)
=4’ - TP +4u -2
ExamvrLe-11.  What should be subtracted from 2)°—3)?+ 4 to get )°— 1 as the resultant.
SouLuTION : Suppose on subtracting ¢(y) from p (y)=2)°-3)*+4 we get the difference
r(»=y*-1.
Thatmeans p(Y)—q)=r()
oo qgW=pG)-r®»

q(=2y=3"+H-0’-1)
=23y +4 -+ 1

=21y -32+@+1)
=y =37 +5

Try This k
What should be subtracted from 5¢* — 3¢+ 4 to get 2/ — 4.
What should be added to 67> + 4r— 2 to get 157* + 4.

Make 5 more questions of this kind and solve them.
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Multiplication of Polynomials

Like addition and subtraction, the multiplication of polynomials is also similar to that for

algebraic expressions;
Exampre-12.  Multiply the polynomial p(x) =2x>+ 3x + 4 by 3.
SorLution : 3 p(x) =3 x (2x* +3x +4)
=6x>+9x + 12
ExampLe-13.  (2x +5) x (4x + 3)
SoLuTioN @ =2x(4x+3)+5(4x+3)
=[(2x x 4x) + (2x x 3)] + [(5 x 4x) + (5 x 3)]
=8x?+ 6x +20x + 15
= 8x*+ 26x + 15
ExamvpLe-14.  (2x+5) x (3x? +4x + 6), find the degree of the polynomial?
Sorution :  =[2x x B3x* +4x + 6)]+ [5 x (B3x* +4x + 6)]
=2xX3x7+2x X 4x+2x X 6+ 5 x3x*+5x4x+5%6
= 6x* + 8x2 + 12x + 15x% + 20x + 30
=6x+ 8+ 15) x>+ (12 +20) x + 30
= 6x° +23x% + 32x + 30
Here, the degree of the polynomial is 3.
ExampLE-15. If pkx) =2x+3
qg(x) =x*+x-2
Sorution :  Then p (x). g (x)=2x+3) (x* +x—2)

=2x(x*+x-2)+3(*+x-2)

=2x X x2+2x X x+2x X (-2) + 3 x x*+3x + 3 x (-2)
=2 +2x2 —4x+3x*+3x -6

=2 +2+3)x*+(4+3)x-6

=20 +5x"-x—-6



Multiply the following polynomials, find the degree of the product polynomial:-
(1) p)=x>+3x+2; qgx)=x>+3x+1

(i) p(WM=v-3v+2; qg@=v+l1

) pE=2x*+7x+3; g(x)=5x>-3x

) pM=y-y+y-1;90)=y+1

V) pw=3*-12u+4; quw=u*-2u+1l

© ® N v oA

I1.
12.

A

Add the following polynomials:-

() 2x*+x+1 and 3x*+4x +5 (i) 8p? —3p + 4 and 3p* —4p +7
@)  S5x*+9x?—5x+7and 2x* + 7x*—3x -8

Add the following polynomials. Find the degree of the resultant polynomial.

() 32 +2y—5;2)*+5+8yand -y

(i) 5+7r-3r;r*+7and r*-3r+5

@)  4x+7-3x*+5x; 7Tx* —2x + 1 and —2x°— 2x

Subtract

() £—5t+2 from 7£— 3£+ 2

(i) 3p—5p*+ 7+ 3p*from 2p*—5+ 11p—p?

(i) 5722 + 72> +2z—4 from 322+ 11z + 1223 + 13

From the sum of x* + 3x* + 2x + 6 and x* — 3x* + 6x + 2 subtract x> — 3x + 4.
Ifp(u)=u"—uv’+2u*>+ 1 and g(u) = —u’ + u—2, find the degree of p(u) + g ().
What should be added to x* — 3x* + 6 to get the sum as x? —x + 4?

What should be added to u” — 3u® + 4u?* + 2 to get the sum as u® —u —4?

What should be subtracted from y*—3y? +y + 2 to get the difference as* + 2y + 1?
What should be subtracted from #* + ¢ — 7 to get the difference as £ + > + 3¢ +4?
Multiply the following

) 3x+4by Tx*+2x+1 (i) 5¢*+2xby 3x*—9x +6

@) p*-5pP+3by pP+1

If p(x)=x*+7x + 3 and g(x) = 2x* — 3, then find the value of p(x) g(x)
Ifp(u)=v*+3u+4, qg(u)=u>+u-12 and r(u) = u - 2, then find the degree of
p(u)gu)r(u).




10.
I1.

12.

13.

14.

Any algebraic expression, in which the degree of literal number (variable) is an
integer is called a polynomial.

The terms of a polynomial are identified by the '+ or ' sign.

The coefficient of a polynomial is a number that multiplies the literal number or
variable. Sometimes coefficients are expressed as literals and so the coefficients is
not written as a number but as a literal. for example, the coefficient of x inax + b is
a.

When the coefficients of all the literal number variables in a polynomial are zero,
then it is called a zero polynomial.

Anynumbersuchas 3,5, 6, ..... etc. is an algebraic expression as well as a polynomial.

The polynomials with only numbers (having only numerals or constant literal numbers)
are constant polynomials.

In a polynomial, the maximum degree of the variables (literal numbers) is the degree
of the polynomial. Example- the degree of polynomial x* + 3x* +2x is 5.

Polynomials can be written as p(x), g(x), 7(x) etc., where the literal number written
within the brackets represents the variable of the polynomial.

ax+ bis aone variable polynomial of degree 1 where a, b are constant real numbers
and a = 0.

The polynomial in one variable having degree 2 is a quadratic polynomial.

When the value of a polynomial becomes zero for some value of the variable , then
that value of the variable is a zero of the polynomial.

A general linear polynomial is ax + b, where a, b are constant real numbers and
a#0.

A general quadratic polynomial is ax* + bx + ¢ where a, b, c are constant real
numbers and a # 0.

A general form of a cubic polynomial is ax® + bx? + c¢x + d where a, b, ¢, d are
constant real numbers and a # 0.
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A numeric expression can be k ’
expressed in many ways. (Fig.1)
7« Sx » 2x +3x
Similarly, can we express 5x in
different ways? (Fig.2)
Tx —2x 10x
2 x4 ) 2
Fig. 1 Flg. 2

Try to write some other expressions for 5x.

Are your solutions different from the solutions of your friends?

Neha, I have created ) (‘Raju, these are not \7
many new forms of 5x correct. NY(
3x x 2x 3x x 2x = 6x? N
4x X x 4x x x = 4x? =\

What do you think? Who is right? Discuss among your friends.

Therefore, like numbers, algebraic expression can also be represented in many

ways.

We will have to take care of the rules of operations for algebraic expressions.

Try This k

Take some other algebraic expressions and write them in different ways.
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Equation in One Variable
Rinku : Jituthere are five coins of same value in my pocket, can you
tell, how much money I have?
Jitu : How canItell? Show me the coins and then I can tell you.

Reshma:  If'you have one rupee coin then you will have five rupees in
your pocket and if you have two rupees coin then you will
have ten rupees. That is you have 5x rupees in your pocket.

Rinku :  Thereare 25 rupees in my pocket, so which coins do [ have?

Jitu  : Now that's easy. Since you have 5x rupees, Sx =25

I will check the value of 5x forx=1, 2, 5, 10 and for whatever value both sides
of "="are same, will be the value of your coins.

Think any two numbers. Like 9 and 21, now take any other two numbers smaller
than ten and make relationship using the four operations:-

(1) If we add 3 to double of nine we get 21 9x2)+3=21
(i) If 61s subtracted from three times of 9 we get 21 ( X ) — =

21
@)  Ifwedivide 21 by 7 and then add six to it, we get 9 - +6 =9

(iv)  Ifwesubtract3 from 21 and then divide itby 2, we get 9 - .......ccccevvenenene

Similarly write 5 statements of different equations using 9 and 21 with different
operations and numbers.

Obviously this can be done with any two numbers.

‘ Try This

Create three relation for each of these-

@  2and5 ()  1land25 (i) 40and 123

See the statements given below:-

1 The age of Raju is 9 years and his mother's age is 35 years.

(1) There are 25 children in class-4 and 45 children in class-9.
(ii1) Reema has 10 rupees and Meera has 7 rupees.

In each of these we can find some relationship like the sum of Raju's mother's age
and his age is 44 years.



Raju's age + Mother's age = 44 years.
Children in class-9 — children in class 4 =20

Many relationships can be developed for all such situations.

Create three relationships for each.

Let us Now Learn to Solve One Variable Equation

Ramola: Thave thought of one number, this number is 5 less than twice of 25, what is the
number?

Malini : Thenumber =(25x2)-5
=50-5=45
Therefore the number is 45.

Letus see an other example- 5 is 10 less than any number?

Then its equation will be x — 10 =5 (Suppose that number is x)

Try This A

1. 41s 2 less than any number. 2. Addition of 8 and any number is 12.

Making Equations

An equation shows the equality of both sides. Let us see an example to understand how it is
formed.

ExampLe-1. 4 more than 3 times of a number is equal to 13.

SOLUTION : 3x+4=13

ExampLe-2.  The current age of a boy is twice his age four years ago.

SoruTioN @ Suppose the current age of the boy = b years
His age four years ago =(b—4)
thenb=2(b—4)

In the previous chapter you saw that ax + b represents a linear algebraic expression with
one variable. An equation of one variable is represented as ax + b = ¢. Where a, b, c are
real constant numbersand a # 0. Similarly you can create equation from polynomial ax? +
bx + ¢. Obviously here ax + b =c, ax* + bx + ¢ = d are respectively linear equation with
one variable and quadratic equation in one variable where a, b, ¢, d are real constant
numbers and a # 0.
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A TryThis [0

" O Q Q &

| Add 5 | | Square 5 | | Multiply by 2 | | Subtract 4 |
| | | |

Square the sum Add 5 Subtract 4 Multiply by 2
| | | |

(5 +5y=100] | I I |

H @ Q

| Add 5 | | Square x | | Multiply by 2 | | Subtract 4 |
| | | |

|Square the suml | Add 5 | | Subtract 4 | | Multiply by 2 |
| | | |

HCEE N I I |

®© 0 e e

[Multiplyby3 | | Subtract6 | | Adde | | Divideby3 |
| | | |

| Add 6 | | Multiply by 3 | | Divide by 3 | | Subtract 6 |
| | I |

| I | | | Z_6-18

3

Make Statement from Given Algebraic Equation

Consider an algebraic equation 5x —2 = 10. A possible statement for this may be as
follows:-
If 2 is subtracted from 5 times of any number then it is equal to 10. What is the

number?

X
ExampLe-3.  Write the mathematical statement for Z +x=10,

Sorution :  Adding — of'a number to itself gives 10. What is the number?

4
y Try This [

Make statements for the following algebraic equations:-

(1  2x-3=42 (i) 12x-3=105 (ii1)
(v) x+6=28 v) 3x+3=15




Solution of Equation

To understand what is the solution of an equation see the following example:-
In x+2=7

If we place the value of x=3

3+2+ 7 the equation is not valid

If we place the value of x=4

4+2+ 7 the equation is not valid

If we place the value of x=5

5+ 2 =7 the equation is true because both sides are equal

Therefore, we say thatx=5 isasolution of the equation, because equation is valid for

this value ofx.

We cansay thatthe solution ofan equationis thatvalue of variable forwhich theequation

holdstrue.

1.

Properties of Equation

In an equation there are two sides of the symbol '='.

Left hand side = Right hand side.

The four rules of equality — for real numbers a, b, ¢

(1) Ifa=bthena+c=b+c
that is if two expressions are equal then the sum will remain equal if we add the
same number on both the sides of the equation.

() Ifa=bthena—c=b-c
that is if two expressions are equal then the difference will remain equal when
we subtract the same number from both side the of the equation.

(i) If @ = b then ac = bc
that is if two expressions are equal then the product will remain equal if we
multiply the same number on both sides of the equation.

b
(iv) Ifa=b then —=—
C C

that is if two expressions are equal then the quotient will remain equal when we
divide the expressions by the same number on both the sides of the equation.

ExamrLe-4.  Solve the equationx—7=3

SoLutioN: x-7=3
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x=T7+7=3+7
x =10 (using equality rule (i) we add 7 to both sides and thus cancels (7))

ExawvpLe-5.  Solve the equation 3x +5=14

Sorution:  3x+5=14
3x+5-5=14-5 (using equality rule (ii) subtract 5 from both sides to cancel 5).
3x=9
3x_9 . : e . .
3 = 3 (using equality rule (iv) divide both sides by 3 to get rid of 3)
x=3

4x+5

ExampLe-6.  Solve the equation 15,

4x+5
3

(4x+5)
3

15

SOLUTION :

=15x3  (usingequality rule (iii))
4x+5=45

4x+5-5=45-5  (usingequality rule (ii))
4x =40
dx_40

4 4
x=10

(using equality rule (iv))

ExampLe-7.  Solve the equation 4x — 2x — 5 =4 + 6x + 3.
Sorution : 4x —-2x—-5=4+6x+ 3

2x — 5 =7 + 6x (Adding of similar terms)

2x —5 - 6x =7 + 6x — 6x (using equality rule (ii))

—4x-5=17

—4x — 5+ 5="7+ 5 (using equality rule (1))
—4x =12

—4x 12

—a = i (using equality rule (iv))

x =-3



Make equations from the statements given below:-

1 The sum of two consecutive numbers is 11.
(i) The sum of Tikendra and Tejaram's age is 30 whereas Tikendra's age is
twice of Tejaram's age.

@)  Oneside of triangle is twice of the second side and equal to third side. Sum
of the sides is 40.

(iv)  Thelength of the rectangle is 3 units more than its breadth. The perimeter of
that rectangle is 15 units.

v) Ramesh, Dinesh and Satish have pencil in ratio of 2 : 3 : 4. The total number
of pencils are 18.

Solve the equations given below:-

@) 5x+2=17 (i) 5p+1=24
() 4x+8=17x-9-1 i) -7+3t-9t=12t-5
v) 3(z-2)+5z2=2 Vi) 2+@x+4)=28«

Make the statement for the following equations:-

X

Q) x+3=27 (i) §+x:18 i) —5=30
Solve the equation:-
() 6+(@-m=83m+5) @)  2(k-5)+3k=k+6
(i) Sp+4(3-2p)=2+p-10 W) §+1:7_75
W) m_m—lzl_m—Z i) ﬂ—2t+3=g—t
2 3 4 303

(vii) f_l:f_Fl (vii) 9x 15

25 3 4 T 6x

3y+4 -2

® ey

Application of Equation

We use equations to solve many questions in mathematics like- the length of the rectangle is
11 em more than its breadth. If the perimeter of the rectangle is 110 ¢m then find length and
breadth of the rectangle. In this we have been given the perimeter but to calculate the length
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and breadth of the rectangle we need to establish a relation with the given information. We
will learn to find solution to such qeustions with the help of equations.

ExavpLe-8.  The length of arectangle is 1 cm more than twice of its breadth. If perimeter
of the rectangle is 110 cm. Then find the length and breadth of the rectangle.
Sorution :  Suppose breadth of the rectangle is w cm.
Then according to the question, length of the rectangle = 2w + 1) cm.
Given perimeter of the rectangle = 2 (length + breadth)
Putting the values 110=2 2w+ 1+ w)
110 = 4w + 2 + 2w

110 = 6w + 2
110-2=6w+2-2
108 = 6w

0 g
w = 6_ cm

Length of rectangle (L) = 2w + 1
L=2x18+1=37cm

ExamrLe-9.  Find four consecutive even integer numbers, if sum of first three number
is more than § from the fourth number.

SorLutioN :  Suppose 2x is an even integer number than four consecutive numbers
2%, 2x + 2, 2x +4,2x + 6
According to the question:-

Sum of first three numbers = fourth number + 8
2x+t2x+2)+ (2x+4)=2x+6) + 8
2x+2x+2+2x+4=2x+6+38

6x + 6 =2x + 14

6x + 6 —2x =2x + 14 — 2x

4+ 6= 14

4+6-6 = 14-6

4x = 8

4x 8

4 4
x =2
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ExampLe-10.  What must be added to the double of rational number —= to get = .

SOLUTION :

. ) .1 7 14
Twice of rational numbersis ——, 2 x| 5| = ——

3 7

3

14 3
Suppose we add x to it —— to get 7 Then

3
43
3 7
—14+3x 3
3 7

7 (14 +3x)=3x3

[7 % (—14)] + (7 % 3x) = 9

(-98) + 21x = 9
98 +21x =9
21x =9 + 98

21x = 107

107 3
Thus, if we add ——~ to double of rational number —— we will get —

21

3 7"

ExamrLe-11.  If sum of three continuous multiples of 13 is 390, then what are they?

SOLUTION :
and 13 (x+2).

< | | | |

Suppose a multiple of 13 is 13x, then the next multiples will be 13 (x+1)

| | | | »

N | |

1 1
0 13 13x2 13x3

1 1 1 1
.......... 13x  13(x+1) 13(x+2)

Sum of three continuously multiples of 13 is 390, therefore

13x + 13(x + 1) + 13(x + 2)
13x + 13x + 13 + 13x + 26
39x + 39

39x

39x

390
390
390
390 - 39
351
351
39



O LestomownOwVamms
x =9
so the required multiples of 13 are 13 x 9 =117, 13 x (9+1) = 130 and 13
x (9+2) = 143.

ExamprLe-12.  Inatwo digit number the difference between its digits is 3. If we add this
number to the number obtained by interchanging the places of its digit,
we get 143. A digit at tens place is bigger. Find the number.

SorutioN :  Suppose that the digit at units place is x. The difference between the digit
at the unit and tens place is 3, therefore the digit at tens place is = x + 3.

Therefore, the two digit number is:-
If the two digit number is 43

=10 (x +3) + x ..

then we can write it as
=10x + 30 + x 43 =(10 x 4)+ 3
= 11x + 30

Now, let us interchange the places of the digits of this number, that means write
the units digit at the tens place and the tens digit at the unit place, the number

thus obtained is:-
= 10x + (x + 3)
=10x+x+3
- Hxt3 On interchanging the digits
On adding both these numbers we get 143, so:- of 43 we get the number
(11x + 30) + (11x + 3) = 143 34, and we can write it as
lx+30+ 1lx+3 = 143 34 =(10x3) + 4
22x +33 = 143
22x = 143 -33
110
)
x =95
therefore digitinunits place =5
the digit in tens place =5+3
=38
So the number is =85

Verification of the solution:- On interchanging the digit of 85 we get 58. On
adding 85 and 58 we get 143.



ExamrLe-13.  The ratio between Indramani and Sohan's current age is 4 : 5. After 8

years the ratio of their ages would be 5 : 6. Find their present age.

SoruTioN @ Suppose the present age of Indramani is 4x years and the present age
of Sohan is 5x years.

Age of Indramani after 8 year = (4x + 8) year
Age of Sohan after 8 year = (5x + 8) year
According to the question, the ratio of their ages after 8 years will be 5 : 6,
therefore:-
4x+8 5
5x+8 6
6(4x+8 = 50Gx+78)
(6x4x) + (6x8) = (5%5x) + (5%8)
24x + 48 = 25x + 40
24x + 48 — 40 = 25x
24x +8 = 25x
8 = 25x — 24x
8 = x

So, present age of Indramani = 4x

= 4x8

= 32 year
And, present age of Sohan = Sx

= 5x8

= 40 year

Checking the solution: Indramani's age after 8 years =32 + 8 = 40 year
Sohan's age after 8 years =40 + 8 = 48 year
The ratio of their age = 20 = >
48 6

h

Area of a triangle is 36 sq m and the length of its base is 12 meter then find the
height of the triangle.

The length of the rectangle is 5 cm more than its breadth. Its perimeter is five
times its breadth. Find the length and breadth of the rectangle.



3. If one angle of triangle is 15° more than its second angle. The third angle is 25°
more than double the second angle. Find the three angles of the triangle.

4. Find three consecutive odd numbers when three times of their sum is 5 more than
8 times the middle number.

1
5. If one side of triangle is 1 of'its perimeter, other side is 7 cm and third side is

5 of its perimeter, then find the perimeter of the triangle.

6. Sum of the digits of a two-digit number is 8. The number obtained by interchanging
the digits exceeds the original number by 18. Find the number.

7. The ages of Vimla and Sarita are in the ratio of 7 : 5. Four year later, their ages
will be in the ratio 4 : 3. Find their ages.

8. Alka thinks of a number, she adds 5 to it. To this she adds double of the original
number and then subtracts 10 from it to get 40. Find the number.

9. Difference between two positive integers is 40. The integers are in the ratio 2:3.
Find the integers.
10. Sum of three consecutive multiples of 5 is 555. Find these multiples.

11. Age of Rohit is 5 more than twice of Pradeep's age. 6 year ago, age of Pradeep

1
was of Rohit's age. Find their ages.

12. A motor boat goes downstream in a river, covers the distance between two coastal
towns in 5 hours. It covers same distance upstream in six hours. The speed of

water is 2 km/h find the speed of the motor boat in still water.

‘ What Have We Learnt _

1. Only one variable is used in these equations and these are linear that is the power
of the variable is 1.

2. Both sides of the equation can be a linear expression.

3. Linear equation with one variable is ax + b = ¢ (a, b, ¢ real finite numbers and
a#0)

4. A quadratic equation of one variable is- ax* + bx + ¢ =d (a, b, ¢, d are real

finite numbers and a # 0).
5. First we simplify the expressions before solving any equation.
We solve the equations using the rules of equality.
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Guessing the Numbers

Often when we do operations like addition, multiplication on numbers, we know about the
values of number and its digits. What happened if we don't know the value of numbers and
its digits.

If we have numbers like A, M, P, N, PQ, MN, ABC each of whose letter represents
any one digit then how do we think about the possibilities to get to know the value of
these digits?

If we think about number with one digit A, M, P, N as given above then we know
that these digits can be any one from 0 to 9.

If we think about two digit numbers PQ and MN then P, Q, M and N are also
between 0to 9. In PQ, Q is the digit in the units place and P is the digit in the tens place.
Therefore this number is actually 10P + Q. Similarly, number MN is 10M + N.

Similarly a three digit number like ABC is actually 100A+10B +C.

Now, try to representing such number like ML, XY, AB, PQM, XYZ according to
their place values. Think also of some four digit numbers.

Try This
1. IfA=3,B=4,C=5,D=0and each digit has to be used only one time then using
these digits:-

(1) What will be the largest number.
(1) Which number is bigger in ABCD and ADBC.

(i) What is the smallest number? Is it a three digit or four digit number?

(iv) What is the value of DBAC? How many digits will be there in this number?

2. IfA=1,B=2,C=3,D=4then
(1) Findthe value of ABxCD. (i) What will be the value of AB + CD.
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Guessing the Numbers with Operation

Add these and see
Can you find value of P and Q here?

We know that the value of P and Q can be between 0 to 9.
Now P+P+P=QP

+P 3P=10Q +P (According to the expanded form of the number)
QP 2P=10Q

P —

5

It means that P is such number which is divisible by 5.

i.e.Pcanonlybe5,soP=5

5
IfP=5then§=QorQ=l

Now on checking P+ P +P=QP then5+5+5=15

ExampLe-1.  PQ—QP =27 then what will be P and Q.
Sorution:  (10P+Q)—(10Q +P)=27
10P+Q—-10Q - P=27
9P —9Q =27
9(P-Q)=27
P-Q=3
Therefore, the possible answers of P and Q are:-
If () P=9thenQ=6 (i) P=8thenQ=5
(iii) P=7thenQ=4 (ivy P=6thenQ=3 ....etc.
Thus we get 7 different values of P and Q.

V-

1. AB
+BA than whatis the value of A, B?

77

2. Similarly make same more questions which can have more than one answer.
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Guessing the Three Digit Number
What will be the value of ‘Y’ in5Y1-23Y =325.

Here if we compare the digit in units place then | - Y =5
Therefore I11-Y=5 or Y=6
Another method:- (500 + 10Y + 1) —(200+ 30 +Y) =325
501 -230+10Y-Y =325
271 +9Y =325
9Y =54 Therefore Y =6

Guessing the Numbers when Multiplying and Dividing

ExampLE-2. AB
xAB
ACC

Sorution :  (10A+B) (10A+B)=100A%+20 AB + B?
It's obvious that A= 1

Since units digit is equal to tens digit in the answer,

2 AB=B?

Therefore 2 B=B? (Putting A= 1) 12

Thatis, B=2, C=4 x12
ExampLE-3. MN 144

x 3

LMN (Where LMN is a three digit number)

Sorution :  We get N in the units place by multiplying N by 3. This is only possible
when N =0 or 5. The expanded form of MN will be (10M + N).

Multiplying (10M+N) by 3is (1I0M+N)x 3
30M+3N  =100L+10M+N ... )
If N =5 then

20M + 15 =100L+5
20M =100L-10
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M =10L-1 We know that L, M and N digits can
M =10L-1 be any whole number from 0 to 9.
2

A valid whole number M is not possible for any value of L from 0 to 9. Therefore
N =5 is not possible which implies it will be N =0.

Come, let us now find out the value of M:-

Now similarly multiplying 3 by digit M in the tens place, we should get M in the tens
place of product LMN which means either M =5 or M =0.

If we put N =0 and M = 0 in equation (i) then we will get L = 0 which is not
possible because LMN is a three digit number.

This implies M =35.
If we put N=0and M =5 in equation (i) then we will get L=1.

Therefore L=1,M=5and N=0.

‘ Try This

1. Find outthe value of Bif IB x B=96
2. Find outthe valueofM and Nin 73 M+ 8 =9N

‘ Exercise - 6.1

Find out value of letters A, B, X, Y, Z, L, M, N as used in following questions.

BA 3IXY MN 17
+ X 6 X Z
) sEERT e 4 & (i) v =
12B 1018 MLN 77
XX
‘ 2PQ ML
) +PQ1 . x6
) TYYY (i) (vii)

161 Q18 LLL
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Number Riddle (Puzzle)

Alok and Neha are making number riddles and asking each other:

Neha : Think of any 3 digits and write them.
Don't show me and don't take any zeros.

Alok Jotted down (Writes on copy 3, 2 and 7)

Neha : Now write all two digit number which can be made by
these 3 digits.

Alok Alright. He writes, 32,27,23,72,37 and 73.

Neha : Now add all these two digit numbers.

Alok : 32+27+23+73+37+73= i
(He writes in the copy and adds them)

Neha : Ifyoudivide this sum by 22 then it will be completely divisible and the quoitient
will be sum of digits that you selected.

Alok :  264+22=12, Yesitis completely divisible.
Now the sum of3,2and 7 (3 +2+7)is 12.
Ohyes! How did you do it? [ hope you didn't see what [ wrote.

Neha : No, this will work for any three digits you take. I don't need to know your
digits.
Try This

Select any 3 number of 3 digits and do Neha's activity.
Did you find sum of digit as Alok did?

Let us Understand Why this is So

If we select a, b and c as three digits then the two digit number which can be made from
these numbers are ab, be, ac, cb, ca and ba.

Expanded form of these are:-
ab=10a+ b bc=10b+c ac=10a+c
chb=10c+b ca=10c+a ba=10b+a




By adding all these we get-
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= 10a+b+10b+c+10a+c+10c+b+10c+a+10b+a

22a+22b+22c =22 (a+b +c)

This means that the sum is a multiple of 22 so on dividing this sum by 22, the answer
is sum of the digits (a + b+ ¢).

Think and Discuss

1. Take any two digit number. Now get a new number by inter changing the place of
digits. Add both the numbers. Now their sum will be completely divisible by 11.

Can you say how is happens?

2. Think ofa three digit number. Now get a new number by placing the digits in reverse
order. Subtract the smaller number that we thus obtained, from the bigger number.
Is this a multiple 0of 99?7 Why?

Which is Divisible by What

Checking the Divisibility

Do you know that how to check which number can be divided by divisors like 10, 5, 2, 3,

9 etc. How does it work? Let us see:-

Divisibility Rule for 10

Checking the divisibility by 10 is easy in comparison to other numbers. See some multiples

of 10-
10, 20, 30, 40, 50,

For comparing, see some non multiples of 10- 12, 25,33, 46, 57, 64,77, 89,

we can see that numbers that have a zero in the units place are multiples of 10. Whereas the

numbers in which units place is not zero are not the multiples of 10. We get the rule of
checking the divisibility by 10 through this analysis.

Now we will see how does this rule work? For this we have to use the rules of

place value.

Take any number..... cha. In expanded form this can be written as

+ 100c + 106 + a
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Here a is a digit in the units place, b is a digit in the tens place and c is a digit in the
hundreds place. The..... dots shows that there can be more digits on left side of c.

Here 10, 100, 1000 etc. are divisible by 10 therefore 105, 100c, ..... will also be
divisible by 10. About a we can say that if the given number is divisible by 10 then @ also has
to be divisible by 10, which is only possible if a =0.

Obviously, any number will be divisible by 10 when the digit in the units place is 0.

Now give examples of some numbers which are divisible by 10.

Divisibility Rule for 5
See some multiples of 5:-
5,10, 15, 20, 25, 30, 35, 40, 45, 50.......
we see that the digit of unit place are alternatively either 5 or 0.

This gives us the rule of divisibility for 5, that is if the digit in the units place of any
number is either 5 or 0 then that number is divisible by 5. Now, for understanding this rule
better, take any number ............. cha.

Write it in expanded form ............. 100c+10b+a

Here a is a digit in the units place, b is a digit in the tens place and ¢ in a digit in the
hundreds place and there can be more digits on left side of c. Since 10, 100, ..... are
divisible by 10. Therefore, 105, 100c, ..... will also be divisible by 10. These numbers are
therefore also divisible by 5. (10=5 x 2).

Now, about a we can say that if a number is divisible by 5 then a has to be divisible
by 5. Itis clear that @ must be either 0 or 5.

Try This
Are all numbers that are divisible by 5, also divisible by 10? Explain why.

Divisibility Rule for 2

Following are multiples of 2:-

2,4,6,8,10,12, 14,16, 18,20, ................. which are all even numbers.

Where the digits in the units place are 2, 4, 6, 8, 0. Therefore one can say that if the
units digit of any number is 0, 2, 4, 6, 8 then that number will be divisible by 2.
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Now we will check this rule. For this take any number..... cha
Its expanded form will be ............. +100c+10b+a

Here a is the digit in the units place, b is a digit in the tens place and c is a digit in the
hundreds place. 10, 100, ..... are divisible by 10 and so are also divisible by 2. Therefore
106, 100c, ..... will be divisible by 2. Let us talk of @ now. If a given number is divisible by
2 then a has to be divisible by 2. But it is only possible whena =0, 2, 4, 6, 8.

Divisibility Rule for 9 and 3

You have seen the rules to check for the divisibility of 10, 5 and 2. Have you seen
anything special about these rules? In all these rules divisibility is decided by the digit of units
place in the given number.

The divisibility rule of 9 and 3 are different. Take any number 3429. Its expanded
form will be:-

3x1000+4x100+2x10+9x1

This can be written in the following way:-
3x(999+1)+4xO99+1)+2x(9+1)+9x1
=3%x999+4x99+2x9+(3+4+2+9)
=9 @x111+4x11+2x1)+(3+4+2+9)

We see that the given number will be divisible by 9 or 3 only when the number
(3+4+2+9)isdivisible by 9 and 3.

Here 3 +4+2+9=18 which is divisible by both 9 and 3.

Now take one more example:-

Say the number 3579. Its expanded form will be-
3x1000+5%100+7x10+9 %1

This can be written in following way:-
3x999+1)+5x(99+1)+7x(O9+1)+9x1
=3x999+5%x99+7x9+(B3+5+7+9)

Here 3+ 5+ 7+ 9=24 which is not divisible by 9 but is divisible by 3.
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If we take any number is abcd, then its expanded form will be:-

1000a + 1006+ 10 ¢ +d =999a+99h+9c+ (a+b+c+d)
=9 (I1lla+1lb+c)+t(atb+tc+d)

Therefore the divisibility of 9 and 3 is only possible when the sum of all digits of that four
digit number is divisible by 9 or 3.

)] A number is divisible by 9 if sum of its digits is divisible by 9.
(1) A number is divisible by 3 if sum of its digits is divisible by 3.

Checking the Divisibility Rule for 6

We know that any number that is divisible by 6, will have to be divisible by the prime factors
of61i.e.2and 3.

Hence in order to check the divisibility of the number by 6, we will have to check
for its divisibility by both 2 and 3.

Let us recall the rule of divisibility by 2 and 3-

The digit in the units place has to be an even number to make the number divisible
by 2.

The sum of all digits of a number has to be divisible by 3 to make the number
divisible by 3.

For example- take the number 1248

1248 has 8 in the units place, therefore, 1248 is divisible by 2 and the sum of all four
digits of 1248 is 1 + 2 +4 + 8 = 15 which is divisible by 3.

Hence, 1248 is divisible by 6.

Divisibility Rule for 7 and 11

Rule for checking divisibility rule by 7
Divide 91 by 7. Is 91 completely divisible by 7? On dividing, is the remainder zero?
Ifyes, thenis 91 divisible by 7?

Yes 91 is divisible by 7. How did we come to this conclusion? If we have to test the
divisibility by 7 then we divide the number by 7. If remainder in zero then that number is
divisible by 7. Check of divisibility for 7 of two digit number is done directly by division. But
do we check the divisibility of a three digit number also by the same process? Or is there
any other method?

There are many methods to check the divisibility by 7. We will check the divisbility
by some of these methods:-

Take a three digit number abc.
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Its expanded form will be- 100a + 106 + ¢
100a + 106 + ¢ =98a + 7b + (2a + 3b + ¢)
Let's write it such that it shows 7 as common factor:-
7 (14a +b)+Q2a+3b+c)

Here 7 (14a + b) divisible by 7. Now if (2a + 3b + ¢) is divisible by 7 then number
abc will also be divisible by 7.

y Try This
Check the divisibility of following numbers by 7 using the above methods-

373, 644, 343, 861
Now think of some more three digit numbers and check the divisibility by 7.

There are some more methods for checking the divisibility of numbers with more
than three digits by 7. Come, let us see one more method-

36484 | 7

We can see from this whole process that
36484 we double the units digit of the number
= 14<«—(7%2) and subtract it from the number leaving

36470 out the units digit.

3647 |0
3647
~ 0 <« (0x2)

3647

364 |7

364
—14 <« (7x2)
350



350

35
0 <« (0x2)
35

-+ 35isdivisible by 7, therefore 364847 is also divisible by 7.

Check the Divisibility for 11
Take any number abcd. Its expanded form is (1000a + 1005 + 10c¢ + d)

This can also be written as:-
(1001 = 1)a+©99+ )b+ (11 -1)c+d
Let's write it such that it shows 11 as a factor-
11O9la+9% +c)—(a—b+c—d)
11 (91 a+9b+c)is obviously divisible by 11.

Ifa—b+c—dis0 ordivisible by 11 then the whole number abcd is also divisible
by 11.

Therefore, the rule is that if the difference between sum of digits in even places and
sum of digits in odd places of the number is either 0 or divisible by 11 then the number is

divisible by 11.
Check for number 124575-
Digit in even place <—— 5 » ¢ 3 2 1
v v v 1 2 4 5 7 5
i 2 4 5 7 5
A A A
Digit in odd place
Difference = (Sum of digits in odd places) — (Sum of digits in even places)
=(5+5+2)—(7+4+1)
Here the meaning of
- 12-12 taking difference is to
_ 0 substract the smaller
sum from bigger sum.

Difference is zero, therefore number is divisible by 11.
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Try This
To check the divisibility of number 19151 by 11.

Similarly there are interesting rules of checking the divisibility by 13. Think and try to
find by discussing with friends.

Think and Discuss
Are all numbers that are divisible by 3, also divisible by 9? Why or why not?
Choose any one number which are completely divisible by 6. Divide this number

by 2 and 3 and see. Is this number is divisible by 2 and 3 both? What can you
say about the divisibility rule of 6?

Using digits 2, 5,4 and 7, make all the numbers that are completely divisible by
15. Without actually dividing by 15 how will you find out which of these numbers
will be divisible by 15? (Use the divisibility rules)

Find the smallest number that will be divisible by 7 and 11 both.

Exercise - 6.2

Which of the following numbers are multiples of 5 and 10.
316, 9560, 205, 311, 800, 7936

If a number that is divisible by 3, has 8 in its unit place, then what can be possible
digits in tens place?

If number 35P is a multiple of 5 then find the value of P?
If 6A 3B is anumber that is divisible by 9, find the value of A and B?

Check the divisibility by 7 for following numbers.

(i) 672 (i) 905 @) 2205 (@v) 9751
Check the divisibility by 11.

(i) 913 (i) 987 @) 3729 (v) 198
Check the divisibility by 13.

(i) 169 (i) 2197 (i) 3146 (iv) 5280



We can write numbers in expanded form like a two digit number ab can be written
as 10a + b and a three digit number abc can be written as 100a + 105 +c.

We take help of expanded form of number in solving puzzle or number games.

We learnt about the divisibility rules of 2, 3, 5,6,7,9 and 11.




CoMMERCIAL MATHEMATICS

Let us know the history of mathematics.....

The content that has been included in this chapter under the name of commercial mathematics has necessarily not
always been called by that name. When we turn the pages of world history we see that mathematics has been presented
in some form or the other at all times. Whether itis construction of a house for living, preparing the land for agriculture,
exchange of commodities useful for living or for other things, mathematics has always been part of public life.

No human being can produce or make all the things that they need themselves. Everyone has to be dependent
on other people for their needs. In earlier times also commodities and labour were exchanged for other commodities and
labour. Examples of this can be seen in small villages where farmers help plowing each other land by turns. Payment for
labour through grains is still prevalent. In Arabian stories the mention of traders occurs repeatedly. The arrival of the
English and Portuguese for trade in India is only just about 4 -5 centuries old.

If we look at the history of mathematics, we can see many examples of its use in trade. We are giving two
examples here.

In 1881, handwritten manuscripts were found during excavations in the village Bhakshali of Peshawar district.
These were in the ancient Sharada script. Three parts of these manuscripts were published in 1927 and 1933 by the
archaeological department of Calcutta. Doctor Hornel has written three articles on these manuscripts.

The contents of these manuscripts include elite mathematics, income expenditure and profit and loss. Experts
believe these manuscripts to be belong to the third or fourth century. The articles of Doctor Hornel also contain mention
of questions involving interest. The questions mentioned in the articles are diverse and involve the use of many

algebraic ideas. One of these questions is-

“There are three traders, one of them has 7 horses, the second one has 9 mules and the third one has 10 camels.
Each of them contributes three animals to a kitty to be distributed among them so that the total property of each of them
is the same. What was the original value of the holding of each of the trader and what is the value of each of the animals?”

Bhaskar is identified as a special person of mathematics from the first half of 12" century. He was born in the
year 1114 CE and was the director of Ujjain Observatory. His book ‘Leelawati” is world famous. The book has been
translated in Persian by Abdul Faizi in 1587 and into English by Taylor in 1816. This English translation was published
in Calcutta in the year 1827. This volume on mathematics, ‘Leelawati”, contains units on different aspects of mathematics.
Some of the important ones in these are integers and fractions, interest, series and their progression as well as commercial
mathematics.

This information is collected from different sources. Students and teachers can find more information on commercial
mathematics from other sources.




Whenever we think of comparing quantities of the same type we first
think of ratio and proportion. Whatis aratio? Is proportion different
from ratio? Let us look at some examples to understand this.

Children of a class were measuring the distance from their ankle to
the knee using their handspan.

Neelam : the distance of my knee from my ankle is 2 hand spans and
4 fingers

Kiran : this distance for me was also 2 hand spans and 4 fingers

Then each child one by one said that the distance for me is also 2
hand spans and 4 fingers.

Measure the distance from your knee.

Can we say that ratio of the length of the hand span to the distance from the knee to
the ankle remains the same for all?

One More Measurement

Mabhi said let’s measure the length of the arm (shoulder to the wrist) using hand spans.
Saurabh : This length is also 2 hand spans and 4 fingers
Mahi : Itis the same for me

The measure of the distance from the shoulder to the wrist was 2 hand
spans and 4 fingers for all children.

You also measure this distance. We can say that the ratio of the length of the
hand span to the distance from the shoulder to the wrist remains the same for
all.

We therefore see that the ratio of the length of the hand span to the distance
from the shoulder to the wrist and its ratio to the distance from the knee to
the ankle is the same for all. We say that these have the same proportion.
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Look at these also

Ifthere are three black and nine white balls in a bag then we can say;

1
1. The number of black balls is one third (—j the number of white balls

3
2. White balls are three times the number of black balls
Black balls : White balls
3 : 9
1 : 3

Similarly if the height of a banana plant is 20 cm and that of a mango plant is 60 cm
then the ratio of the heights is-

Height of the banana plant : Height of the mango plant
20 : 60
1 : 3
This is the same ratio as we saw between black and white balls. These are therefore

proportional.

‘ Think and Discuss

Give five examples from your daily experience where you find definite ratio or proportion
between different quantities.

Rehana studies in class 8 and Farida is in the class 9. Both of them got their results for the
maths exams. They went and told their results to their mother.

Rehana : I got 80 marks out of 100

Mother : Ok! And Farida you?

Farida : Igot 110 marks out of 150.

Rehana : Wow! Didi has better result compared to me.

Mother : How?

Rehana : Didi has got more marks than me, therefore her result is better.

Farida : Ohyes! I’ve got 110 marks and Farida has got only 80




Mother :

Farida

Mother :

Farida

Mother :

But Farida, Rehana has got 80 marks out of hundred and you have got 110 out
of 150, so how do you know your result is better than Rehana’s?

: 1did the following-

Rehana got- 80 marks
And I got- 110 marks
and then I subtracted 80 marks from 110.
110 -80=30
So I got 30 more marks than Rehana, hence, my result is better.
But the total marks for your cases are different, therefore we cannot say who has

a better result. If the look at the ratio of the marks obtained against total marks,
then we can say-

Reh t&_i_i d
ehana got- 1 /"= 1,= 5 an
Farid ‘[M_E
arida got- 1= =73

To compare the two ratios we make the denominators the same, we get then

3 12
Rehana's marks- g X 5 = E thatis 12 outof 15

11
Farida's marks- E thatis 11 outof 15

11
And because E 1s more than E , Rehana's result is better.

: Can we do this some other way?

Yes! We can also use percentages for this.

What are Percentages?

Percentage is another way of comparing quantities. When we compare on the basis of
percentages (%) we assumed the total to be 100.

For example if out of 12 balls inabag 3 are black then the percentage of black

balls is %x 100 = 25%
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The percentage of white balls is o 100 =75%

We can then say that 25% of the balls are black and 75% are white.

Percentage means per 100 and is shown by % sign.

- Thinkand Discuss -

Consider the following examples carefully and discuss which way of comparison, ratio or
percentages would be better?

1. The mixture for Idli contains

1
5 urad lentil 33.3% urad lentil
2 . )
§ rice 66.6% rice
2. The distribution of children in the class is
Girls : Boys 60% Girls
3 : 2 40% Boys

Application of Percentage

Discount
Deepak wants to buy some material for the school.

He went to the market and saw a sign board outside the stationery
shop saying discount of 6% on all you buy.

Deepak bought a packet of pencils and asked the shopkeeper the
price?

Shopkeeper:  The price is Rs.50 but due to 6% discount you pay 47.
Deepak . Ok! How did you calculate that?

Shopkeeper:  The discount is calculated on the marked price of the item,
therefore when we sell the item we deduct the discount amount
and therefore the selling price is less than the marked price.

Discount = Marked Price — Selling price

The discount is expressed in percentage and calculated on the marked price.



Exampre-1.  The price of ashirtis Rs 300 and the shopkeeper is selling it at a discount

of 20%. find out the discount amount and the selling price.

Sorution :  Market Price =300, Discount percentage =20%

For a marked price of Rs 100 the discount is Rs. 20

Therefore, for a marked price of Rs. 1 the discount will be Rs. 100

) 20
Discount on Rs. 300 =100 %300 =Rs. 60

Selling price = 300 — 60 =240

ExampLE-2. A book was sold for Rs. 45 after a discount of 10%. What was the marked

price of the book?

SorutioN :  Onamarked price of Rs. 100 the discount is Rs. 10.

S TryThs A
1.

Its selling price 100 — 10 =Rs. 90

Comparing- Selling price Purchase Price
90 100
45 ?

When a book is sold for Rs.90 then it’s marked price is Rs 100

100
If the book is sold for Rs.45 then the marked price is 50 x45=Rs. 50

Therefore the marked price would be Rs. 50

A sari with the marked price of Rs. 800 is sold at a discount of 15%. Find out the
selling price of the sari?

During sale a shop gives a discount of 15% on the marked price of all the goods
being sold. What would a customer have to pay for a pair of jeans and a shirt with
marked prices Rs.17 50 and Rs 650 respectively?

Mahi bought a pair of shoes from a sale on a discounted price of 20%. Ifhe paid
Rs.1200 for the shoes, what was the marked price of the shoes?
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Sale Tax

Manish and Sahil bought some things from a shop. The shopkeeper gave them
the bill. They looked at the bill carefully

BILL
Bill No. : 27 Date: 13.02.15
Name : Manish
S.No. Name of the Item Qty. | Rate [ Amount
I. Soap 10 19 190
2. Toothpaste 1 40 40
3. Coconut Oil (200 ml.) 2 85 170
Total Amount - - 400
Sales Tax 5% - - 20
Total 420

Sahil : Whatis this sales tax?
Manish : This is the tax charged by the government on anything sold.

ExavpLe-3.  Rajan bought a cooler for Rs.2700 including sales tax at 8%. Find out the
price of the cooler before the tax was added.

SorutioN @ 8% sales tax means that if the price without tax is Rs. 100 then price with
tax is Rs. 108.

Now, if the price with taxes is Rs. 108 then the actual price is Rs. 100

Hence when the price with tax is Rs. 2700 then actual price is

=@x2, 700
108

=2,500 Rs.

‘ Try This

1. Whenever you go shopping with your family look at the bill and see which are the
products on which the shopkeeper charges sales tax. Make a list of these. Discuss
with your friends in your class.




2.

Ifyou go to the market to buy something and have a 10% discount but have to
pay 5% sales tax on materials purchased, then which of these two will be better
for you-

(1) Take a discount of 10% and add 5% sales tax

(i1) Add 5% sales tax and then take 10% discount

_ Exercise - 7.1 k

10.

Mohan saves Rs. 3,950 after spending 75% of his salary. What is his monthly
salary?
In class 10, 60% are girls. Their number is 18, so what is the ratio of numbers of

boys to gitls in the class?

An item marked at Rs. 950 was sold for Rs. 760. Find the discount and discount
percent given?

Lalita bought a motorcycle for Rs. 9,016 including 12% sale Tax. What was the
cost before adding the sale Tax?

A flour mill costs Rs. 1,30,000. The sales tax is taken at 7% on this. If Shweta buys
this mill, find the price she paid for it?

A machine is sold with 8% discounted price at Rs. 1,748. What is the marked price
of the machine?

We have two baskets. One has 8§ mangoes and 4 watermelons and the other has 14
mangoes and 7 watermelons. find out if the ratio of fruits in both the baskets is the
same or different?

If 5% sales tax is added to the purchase of the following items, then find the selling
price of each:-
1 Shirt with price of Rs. 200/-

(11) 5 kg sugar at the rate of Rs. 30/-per kg

Sarita bought a cooler for Rs. 5,750/- including a tax of 15%. What was the price
of cooler before tax.

Suraj brought a television for Rs. 10260/- including a sales tax of 8%. What was
the price before tax.
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Interest

The extra amount charged for the use of some borrowed amount for a certain period is
called interest. It is calculated in two ways:-

1. Simple Interest 2. Compound Interest

Simple Interest

You are familiar with simple interest and how to calculate it. Let us recall through an ex-
ample:

ExavrrLe-4.  Find out the simple interest on Rs. 10,000 for 3 years at 10% annual rate of
interest.
SoLuTION. Principal = Rs. 10,000 Rate=10%  Time =3 years
Principal x Rate x Time

100

10,000x10x3
100
=Rs. 3,000

We know, simple interest =

Interest and Compound Interest

Sudhir borrowed Rs. 2,00,000 for 4 years at 8% annual rate of interest.
The condition was that he would have to pay the interest at the end of each
year. He was to deposit Rs. 16,000/ as the interest for the first year. He
was not able to deposit that for some reason next year he went deposit the
earlier due amount and the interest for the second year. Ajay told Sudhir-
you have to give Rs. 33,280 as the interest for the two years.

Sudhir said the interest for the two years is (Rs. 16000 + Rs. 16000)
Rs. 32,000.

Ajay said- We are not taking any extra amount. The additional
amount is the interest on the interest amount that was due but not paid last year. This is
called compound interest.

ExamprLe-5.  Sadhna borows Rs. 10,000/- for 3 years at 10% annual rate of interest.
She has to return the amount with the extra amount (interest). Find out the
compound interest and the total amount to be paid after 3 yeras.



1.

Principal amount for the first year, P, =Rs. 10,000/-

10
Interest for the first year 10,000 x m =1,000

SI, =Rs. 1,000/-

The principal for second year, P,=P + SI
=10,000 + 1,000 = Rs. 11,000
Hence interest for second year
SI 11,000 10 Rs. 1,100/
= X — = -
2 ST 100 T
The principal for third year, P, =P, + SI,
= 11,000 + 1,100

=Rs. 12,100
) ) 10
The interest for third year SI, = 12,100 x 100
=Rs. 1,210

Hence amount to be paid P, + SI,
=12,100 + 1,210
=Rs. 13,310
Total interest = SI, + SI, + SI,
=1,000 + 1,000 + 1,210
=Rs. 3,310

Will the amount of compound interest be different from simple interest?
Lets find out:-

Principle x Time x Rate

Simple interest for 3 years =

100
~10,000x3x10

B 100

=Rs. 3,000/-

We see that because of compound interest an extra amount Rs. 310 has to be paid.

For simple interest the principle amount remains the same while for compound interest it
changes each year.
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Letus try to find a formula to calculate the compound interest.

Suppose Principal amount =P Rate =R%
Time=t¢ Total amount=A
' B xRx1
The interest for the first year /; = “lo0
B xRx1
The total amount after first year .. 4 =  + ~100
100

= P, (Principal amount for the second year)

P, xRx1 R
Interest for the second year [, = ———— =P, 100

100
R R

= P x |1+ —|x —
! [ +'100] 100

.. Total amount after 2 years
4, = P, + 1

A2:Pl 1_|_i + A 1_|_£ Xi
100 100) 100

=Ph l—i-i X 1+i
100 100

=P (Principle for third year)

Interest for the third year /3 =

PyxRx1 [il
100 1100

2
,3:,31[1+i] R
100 100



.. Total amount after three years A; = P; + I,

2 2
/13:1011+i +P1[1+i L.
100 100) " 100
2
R R
A, =P |1+ —| x|14+—
S T ) [ 100]
3
R
A =P1+—
S T )

Hence total amount after ¢ years

t
omrfie )

R
A=P|14+—
In standard form [ 10 O]

100

Time
Rate)

Total amount = Principal amount x [1 +

Compound interest = Total amount — Principal amount

Cl.=4A-P

t
Cl.=P 1+£] —P

t
Cl.=P [l—l-i] -1

We use this formula to calculate the compound interest.

ExamvpLE-6.  Find out the compound interest for 2 years on Rs. 5600/- at 5% rate of
annual interest.

R t
SOLUTION : We know A=P [1 + mj

Here, Principal (P)=Rs.5,600; Rate (R)=5% annual;  Time (f)=2 years



2
5
A=5,600x|14+—
Hence, [ 100]

1)V
A:5,600><[1—|——]
20

2
21 21) (21
_ L I e Y
4 5’600X[20] [20] [20]

A =Rs. 6,174/-

.. Compound interest = Total amount— Principal amount

=6,175-5,600 = Rs. 574/-

ExampLe-7.  Shyam deposited Rs. 64,000/- in a nationalised bank. If the annual rate of

1
compounded interest is 2 5 % then what is the total amount he would get

after 3 years? What is the interest he would get?

t
SorutioNn :  Weknowthat 4 = P|1+ i
100
Here, Principal (P)=Rs. 64,000/-
1 o 5 V] .
Rate (R) 25 Yo = 5 %0 annual; Time (f) =3 years

3
5
Hence, 4= 64,000 1+é
100

5 )
A=64,000x|14 ]

3
A =64,000x I—I-L]
40

A =64,000x

ﬂT
40

A=64,000x [ﬂ] X [ﬂ] X [ﬂ]
40) (40) (40
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A=41x41x41 =Rs. 68,921/-

Amount of interest from bank = Total amount — Principal amount

= 68,921 — 64,000 = Rs. 4,921/-

Find out the compounded interest after 2 years on Rs. 15,000/- at an annual rate
of interest of 6%.
Find out the compounded interest after 3 years on Rs. 8,000/- at an annual rate of

1
interest of 5 5 %.

Find out the total amount and compound interest:-

1
)] On Rs. 10,700/- after 3 years at an annual rate of interest of 14 5 %.

(i) On Rs. 18,000/- after 2 years at an annual rate of interest of 10%.

Calculationwhen Compounded Quarterly orHalf-Yearly

In many situations including in banks the interest is now not calculated annualy but after each
quarter or after 6 months. This means the principal charges every 6 months or 3 months.

When interest is compounded half yearly then we have 2 periods of 6 months in

each year and the rate of interest is halved. Similarly if the interest is compounded quarterly
then each year has 4 quarters and the rate of interest be comes one fourth.

The calculation are done as follows:-

1. For compounding halfyearly

half-yearly rate of interest
100

No. of half years
Total amount = Principal x (1 + j

For compounding quarterly

. No. of quarters
quarter rate of interest )

= Princi 1+
Total amount = Principal X( 100
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A TryThis =

1. Calculate the compound interest for one and a half-year Rs. 4,000/- at 5% rate of
interest?

1
2. Ifinterestis compounded half-yearly then find the compound interest for 1 5

years on Rs. 1,500/- at 10% annual rate of interest.

3. Deepak borrowed Rs. 80,000/~ from a bank for 2 years. If the annual rate of
interest is 10% then find the total amount due when:-

(1) Interest is compounded annually (i1) Interest is compounded half-yearly.

1
ExavpLe-8.  Find out the compound interest for 1 o yearson Rs. 15,625 at annual rate

of interest of 8%, if the interest is compounded half'yearly.

Sorution :  The interest is compounded every half-year.
_ 1
Hence, time (1) = 1 o year = 3 half-year

8
Rate (R) = 8% annual = ) % half-yearly = 4% half-yearly

Principal (P)=Rs. 15,625/-

half-yearly rate of interest
100

No. of half years
. Total amount = Principal x (1 + j

3
Total amount = 15,625 x 1+ %]

26Y 26) (26) (26
—] —15,625%| 22| x| 22 || 28
25 25) "\ 25) " 25

Total amount =26 x26x26 =Rs. 17,576/-

4V
1+—| =15,625%
100

Total amount — 15 625 x

.*. Compound interest = Total amount— Principal
=17,576 — 15,625 = Rs. 1,951

ExamvpLE-9.  Calculate the interest for a quarterly compounded interest over a peirod of
9 months on Rs. 1,000/- for 8% annual rate of interest.



Sorution :  Here interest is compounded quarterly

Hence, Time () =9 months = 3 quarters

8
Rate (R) =8% annual = 1 % quarterly = 2% quarterly

Principal (P) =Rs. 1,000/-

quarterly rate of interest No-ofauarers
100

.. Total amount= Principal x (1 +

3 3
2 1

=1000x|1+—| =1,000x|1+—

Total amount [ 0 0] [ 5 OJ

3
51 51 51 51
Total amount = 1, X[SO] [50] [50] [50]

1,32,651
125

Total amount = =Rs. 1,061.20

.*. Compound interest =Total amount— Principal

=1,061.20 - 1,000 = Rs. 61.20

ExampeL-10.  What principal amount would become Rs. 2,809/- after 2 years of com-
pound interest at annual rate of 6%.

Sorurtion :  Here, Total amount(A)=Rs.2,809/- Principal (P)=?
Rate (R) = 6% annual Time (1) =2 years
t
na=plir &
100

2 2
2,809=P[1+i] = P[l-i—i]
100

50

53) 53%53
2,809=P|22| = Px

50 50% 50
2,809 = px 2809

2.500

2,809 2,500

L P==——x =Rs. 2,500/-

1 2,809
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Exawmpre-11. At whatrate of interest will the principal amount of Rs. 1,000/- become Rs.

1
1,331/-after 1 7 year of half'yearly compounded interest?

2
Sorution :  Here, Totalamount(A)=Rs.1,331/- Principal (P) =Rs.1,000
1
Rate (R)=7? Time (£)=1 5 years= 3 half-yearly

R Y
“A=P|l+——
A P( 100j

RV
1,331=1,000{14+—
100

=[1+—
1,000 100

1y RY
| = 1+_
10 100

Ifthe terms on both sides of an equation have the same exponent then the bases are

1,331 R ]3

equal.
oo 1R
1 1o 100
u_,_R
10 100
1_R
10 100
100
R= To - 10% (half-yearly)

Since rate of interest calcualted is half yearly,

Hence, R =10 x 2=20% (annual)

ExavrLE-12.  Mohan borrowed Rs. 31,250/- at 8% annual interest. After how much time
would be have to return Rs. 39,336/-

Sorution :  Here, Total amount(A)=Rs. 39,366/- Principal (P)=Rs. 31,250
Rate (R)=8% Time (£)="?



. A_P(l_ki]t
e 100
39,366 = 31,250 1+it
CEE T 100
39,366 2y
= 1+—
31,250 25

19,683 _(2_7)’
15,625 |25

25%25x25 (25

-5

The bases on either side of the equation being equal the exponents would also be

27><27><27_(27Jt

Hence =3 years.

Find the compound interest and the total amount for the following:-

(1) Principal =Rs. 7,000 Rate =10% yearly Time =4 years
(i) Principal =Rs. 6,250 Rate =12% yearly Time =2 years
(iit) Principal =Rs. 16,000 Rate = 5% yearly Time =3 years

Rahul borrowed Rs. 1,25,000/- at 12% annual compound interest from a bank to
buy car. What would be the total amount and the amount of interest after 3 years?

Find out the compound interest on Rs. 50,000/- deposited in a bank at 15% annual
rate after 2 years.

Calculate the simple and compound interest at 5% annual rate on Rs. 1,260/- after
2 years?

Find the difference between the amount of compound interest and simple interest
on a principal amount of Rs. 8,000/- at an annual interest rate of 10% after 2 years.

1
Find out the compound interest after 1 - yearsonan amount of 3,000/- at 8%

annual rate of interest when the compounding of interest is half yearly.
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7. How much interest would we get from the bank on Rs. 9,000/- in a year with
quarterly compounded interest at 8% annual rate of interest.

8. Find the compound interest on Rs. 3,500/- after one year if compounded half
yearly .
9. A man borrowed Rs. 25,000/- what total amount would he pay after one year, if

the rate of interest is 20% annual and is compounded half yearly.

10.  Find the compounded interest for six months on Rs.10,000 at an annual rate of
interest of 12% if the interest is compounded every 3 months.

11. How much money should Surjeet deposit in the Punjab National bank so that he
gets Rs.6 615 after two years with the rate of interest 5% annually?

12. What amount would become Rs.18,522 at an annual rate of interest of 10% after
one and a half'years if the interest is calculated every six months?

13. Kabir borrowed Rs. 15,625 from the Indian bank. He returned Rs.17,576 after
3 years. What was the rate of interest charged by the bank?

14.  Atwhat annual rate of interest Rs 6,000 would become Rs.6,615 in two years?

15.  In how much time would the compounded amount become Rs.9,261 froma
principal of Rs.8,000 if the interest is compounded annually at a rate of 5% interest?

16.  Ahmed got an interest amount of Rs.5853 on his deposit of Rs.46,875 atan annual
rate of interest of 8%. if the interest was compounded every six months then find
the time of deposit?

17.  Whatis the principal amount on which the difference between the compound interest
and simple interest is Rs. 40, after two years at the rate of annual interest 5%?

The Use of the Formula for Compound Interest

The formula for finding the compound interest is used in many situations.

Q) For finding the increase and decrease of population

(1) For finding the increase and decrease in price of an item

(ii1) For finding the total amount when the rate of interest is different in different years.

(a) Ifthepopulation of a town increases, then

Rate e
100

expected population = current population (1 +—

(b) Ifthe population of a town decreases, then



ExampLE-13.

SOLUTION :

ExampLE-14.

SOLUTION :

*.- Expected price = Current price x (1 -

Rate

expected population = current population (1 - Wj

(c) Iftheprice of an object increases, then

Rate of Increase )ﬁme

. — . l+
expected price = current price ( 100

(d) Ifthe price of an object decreases, then

Rate of Decrease jﬁme

. — . 1 _
expected price = current price ( 100

(¢) Iftherate of interest in successive yearsis R %, R,%,R %.... then,

R R R
A=Pl1+—L||1 2 11 E
[ 100][ +100][ +1oo

The present population of the town is 128000, if the population increases
at 5% annually than what would be the population after three years?

The present population is 128000 Rate of increase = 5% annually
Time =3 Years Expected population=?

Rate of Increase )ﬁme

Expected population = Current population (1 + 100

3 3
5 1
ion = I+—| = 1+—
Expected population = 1,28,000 [ I OO] 1,28,000 [ 5 0]

Expected lation = 1,28,000 23—128000><2><2><2
xpected population = 1,28, 0] =128, 5020" 20

Expected population =16 x 21 x 21 x21=1,48,176

Kishore bought a bike at Rs. 55,000. Ifthe bike depreciates at 8% annu-
ally than what would be the value of the bike after two years?

Here the price of the bike = Rs.55,000; Rate of depreciation = 8% annually
Time =2 Years; Expected Price = ?

Rate of Depreciation jﬁme
100
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8\ 2V

— 55,000 1——] :55,000[1——
100 25

23V 23 23
=55,000x|—| =155,000x —x—
2 25" 25

— 88%x23x%x23 =Rs. 46,552/-

ExamprLe-15. A caris priced at Rs.450,000. The car depreciates at 4% annually for the
first two years and 10% annually for the next two years. What is the price
of'the car after four years?

SOLUTION : Here the price of the car = 4,50,000/-
Rate of depreciation = 4% annually
Time (t,) = 2 years
And then Rate of depreciation = 10% annually
Time (t,) = 2 years

Desired Value = ?

R Y -
*.» Desired Value = Original price x (1 - ﬁ] X ( - —j

450,000 x [ 1-— j 3 (1 10 j
= X B B
T 100 100

2 2
=4,50,000x [%] X [2]
25

10
=4,50,000x§x%x2x2
25 25 10 10
=72%x24x24%x9%x9
=Rs. 3,35,923

1. The present population of the village is 8000. Ifthe population is decreasing at the
annual rate of 5%. What would be the population after 3 years?

2. The population of the town is 9600. If the rate of increase of the population is 15%
annually, then what would be the population of the town after 2 years?




Instalment Scheme (Purchasing in Instalments)

You would have come across many advertisements of this kind-

“Buy the house of your dreams at minimum interest rate with easy instalments” or
“Pay only Rs. 30,000 and take the car of your choice to your house, the rest in easy
instalments or buy TV or fridge in Rs 1000 and the rest of the payment in easy monthly/
half'yearly/ annual instalments”

Under such schemes people can buy costly items without full payment therefore
these schemes enable people to buy costly items comfortably.

In instalment schemes, the customer while purchasing the item pays a part amount
on the spot. This is called initial down payment. They subsequently sign a contract takes the
item in use. They pay the remaining amount in instalments. This is called the instalment
amount. The monthly, quarterly, half yearly or annual instalments are fixed with the consent
ofthe customer and the shopkeeper.

Let us understand the instalment scheme through an example-

Finding therate ofinterest of an instalment scheme:-

In the instalment scheme only a part of the total cost is paid by the customer at the time of
purchase. The rest is paid in instalments and for this the seller takes some extra amount
from the customer. This extra amount is the interest.

ExampLe-16.  The cash down price of a table is Rs.1000/-. Ramesh buys it for a down
payment of Rs.400 and monthly instalments of Rs.310 each. Find the rate
of interest in the scheme.

Sorution @ The cash price of table =Rs. 1000/-
The cash down payment = Rs. 400/-
The due amount for instalments=Rs.1000 - Rs.400 = Rs.600
Suppose that the rate of interest for the instalment scheme is 1% annually, then the

total amount of Rs.600= Principal+ Interest

600xrx2
100x12
=600+~ (1)

The total amount after two months of the monthly instalment of Rs.310 paid after
the first month

=600 +

310xrx1

=310
- 100 x12
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31r
=310+—
120 )

The total amount of Rs.310 given after two months=Rs 310

Therefore combining the two monthly instalments at the end of two months
31r 31r
=310+—+310 =620+ —
Total amount + 120 + + 120
Using both (1) and (2)

600+ 7 = 620+£
120

r—ﬁz 620—-600
120

1207 —31r _
120

89r =20x120

20

2,400
=
89

Therefore, the annual rate of interest in the instalment scheme=26.97% .

=26.97% (approximately)

Using another method:
The cash price of table =Rs.1000

Down cash payment = Rs.400

The amount due in instalments = Rs. 1000 —Rs. 400
=Rs.600

Number of equal instalments = 2

The total amount paid in instalments =2 x 310 =Rs. 620

The total interest paid = 620 — 600 = Rs. 20

The principal amount for the first month =Rs. 1000 —Rs. 400 = Rs. 600

The principal amount for the second month =600 —310=Rs. 290

Total principal amount (for one month) =600 +290 =Rs. 890

Suppose the annual rate of interest is 7%, then

Total int t_890><r><1_20
otal interest=— "~~~



~ 20x100x12
890

Orr

2,400
=
89

=26.97% (approximately)

Finding the Instalment Amount

Letus now try to understand how the seller calculates the instalment amount. The shopkeeper
buys the product at some price. He knows that using the instalment scheme more items can
be sold. Therefore, to get an appropriate interest rate he wants to decide the cash down
amount, the instalment amount and the number of instalments.

ExamrLe-17.  The price of a television set is Rs.12,000. This is sold at Rs.3,000 down
payment and two equal monthly instalments. Ifthe rate of annual interest is
18% then find the amount of each instalment.

Sorution @ The cash price of television =Rs. 12,000
Cash down paid =Rs. 3,000
Payment to be made in instalments =Rs. (12000 — 3000) = 9000
Rate of Interest =18% Annual
Let each instalment be =Rs. x
Principal x Rate x Time
Interest = 100
. 9000x18x -
The amount of one month interest on Rs. 9000 = BT Rs. 135

The principal amount after one month = 9000 + 135 = Rs. 9135
The amount to be paid after paying the first instalment = Rs. (9135 —x)

The total amount of this amount would be the due instalment after one month.

. (9135-x)x18x %
Hence the interest on Rs. (9135 —x) foronemonth = 100

3(9135—
_ 30135-x) oo

200
The total amount after one month = Principal + Interest
_ (9135 N 3(9135-x)
~O135-1 200

20009135 x) +3(9135 — x)
200




‘

1827000 —200x + 27405 -3x
200

1827000 —200x + 27405 -3x
Hence = 200 =X

1854405 — 203x = 200x
Or 184405 = 200x + 203x
403x = 1854405

1854405
403

Hence, the amount of each instalment is Rs. 4,601.50

Hence, X =Rs. 4601.50

Finding the Cash Price

If for an instalment scheme the amount of each equal instalment, number of instalments,
rate of interest and cash down payment amount is given then we can find the cash price of
the item. Let us understand this through an example.

ExampLe-18. A bicycle is available for Rs.500 cash down and two annual equal instalments
of Rs.1210 each. Ifthe rate of interest is 10 % annually then find the cash
price of the bicycle.

Sorution :  Suppose the cash price of the bicycle is Rs. x.

Cash down payhment = Rs. 500
First Instalments =Rs. 1210, Rate of Interest= 10%

The amount due after cash down payment = Rs. (x — 500)

Principal x Rate x Time

The interest for one year on (x —500) =

100
_ (x—500)x10x1 _ (x—500) Rs.
100 10
The total amount after one year = Principal + Interest
= (x — 500) + =00
10
= (x — 500) (1 + %):(x—5oo) %

The amount due after the first instalment (the principal amount for the second year)



= [( 500)E 1210

Rate }Time

The total amount at the end of second year = Principal { 1+ 100

= [(x — 500) L 1210] [1 + 10,
10 100
11 11

= [(x — 500) 0" 1210] 0

The total amount at the end of second year is equal to the due instalment for the
second year.

( ) E E —

[(x — 500 0 1210] o = 1210
11

[(x — 500) 0 1210] 11 = 12100

11

Or  [(x — 500) 0~ 1210] = 1100
11

Or  (x — 500) To = 1100 + 1210

10
Or  (x — 500) = 2310 x 1

Or x — 500 = 2100

x = Rs. 2600
Hence, the cash price of the bicycle is Rs. 2,600/-

Problems Involving Compound Interest

In a monthly instalment scheme when the total time is less than one year simple interest is
used. However sometimes the seller charges compound interest even for less than one year.
In such cases interest is compounded half yearly or quarterly.

Sometimes instalments are given for more than one year, in such cases also com-
pound interest is used.

ExamvpLe-19. A fridge with a cash price of Rs.15,000, is available for Rs 2,250 cash
down and two equal halfyearly instalments at 8% rate of annual interest.
If interest is compounded every six months then find the amount of each
instalment.
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SOLUTION :

Cash down payment

Remaining payable amount

The cash price of the Fridge

=Rs. 15,000

=Rs. 2,250

=Rs. (15,000 - 2,250)
=Rs. 12,750

Rate of Interest = 8% annually =4% halfyearly

Let the amount of each half'yearly instalment be Rs. x, and P and P, the principal

amounts for the first and second term.

4\ 4 Y
x=PF1+— x=PBP|l+—
‘[ 100] and 2[ 100]
26 26)
1[25] and 2[25]
25 25)
P =|— X P = | —
1 [26] and £ [26] *
H 12750—§x+ 22x
ence, 12, ~1% Y
12,750 = | 2 |14 2
26 26
12,750 = 2 || 2L
26)" 126
(o 12750x26x26
25%51 S -

The amount of each instalment = Rs. 6,760/-

1. A chair is sold for cash price of Rs. 450 or a cash down payment of Rs.210 and two
equal monthly instalments of Rs.125 each. Find out the rate of interest charged in

the scheme.

2. A TV stand is sold for Rs.3,000 cash or cash down payment of Rs.600 with two

‘ Exercise - 7.3 _

equal monthly instalments of Rs.1,250. Find out the rate of interest charged in the

scheme.

3. The cash price of a fan is Rs.1,940. In the instalment scheme it is available for a
cash down payment of Rs 620 and two equal monthly instalments. Ifthe rate of
annual rate of interest charged in under the scheme is 16% then find the amount of

each instalment.



The cash price of a microwave oven is Rs. 20,100. if this is available for Rs.3700
cash down payment with two equal monthly instalments at 10% annual rate of
interest then find the amount of each instalment.

An Iron is bought for cash down payment of Rs. 210 and two equal monthly
instalments of Rs.220 each. If the rate of interest is 20% annually then find the cash
price of the Iron.

The cash price of a scooter in a showroom is Rs.20,000. Under an instalment
scheme this is available for cash down payment of Rs.11,000 with two equal annual
instalments at 25% annual rate of interest. Ifthe interest is compounded every year
then find the amount of each instalment.

Washing machine is available for Rs 12,000 cash payment or after a cash down
payment of Rs.3600, two equal half'yearly instalments. Ifthe annual rate of interest
is 20% and the interest is compounded every six months, then find the amount of
instalment.

A sewing machine is available for Rs 3,000 cash or a cash down payment of Rs
450 and two equal half'yearly instalments. If the compound interest is 4% annually
then what would be the amount of each instalment.

What Have We Learnt k

We compare quantities on the basis of ratios and percentages etc.
Percentages are used to calculate the amount of discount, sales tax and interest.
The reduction in the marked price is called discount.

The government charges sales tax on any item sold. The seller adds the sales tax
amount to the bill amount.

The interest charged is of two types, simple interest and compound interest.

R t
Q) Ifthe interest is annually compounded then A=P {1 + m] .

(i) When the interest is compounded half yearly then time periods are number
of half years and the rate of interest is halved then total amount

-
a 200) °

(111) When interest is compounded quarterly, the time period are number of

4
R
quarters and rate is the fourth the annual rate. So A=P [1 + 4—00] .




TRIGONOMETRY

Come, let us know the history of Trigonometry.....

Trigonometry was developed in order to satisfy the different day to day needs of humans- For example, in India in order
to study the speed and position of the celestial bodies in the fields of Astronomy and Astrology; in Greece to study the
relation between circles and chords in the field of Astronomy and in Egypt to know the height of Pyramids. When these
ideas got together, trigonometry was developed. Although Trigonometry means measurement related to triangles, the
knowledge is used extensively in relation to angles. In all of these, triangles and the imaginary right angled triangles are
identified and its ratio of sides is used to find height, distance, speed, state etc.

It is believed that the first list of trigonometric ratios was given by Heparcus in second centry BC in India. In the
field of astronomy, by regular use, five principles were assigned indicating the relation between angles and chord. The
most important amongst these was the sun principle which defines 'Sine' used today. In the fifth century Aryabhatt took
this further and used Jya (Sine) and Kojya (Cosine). In the 7" Century, Bhaskaracharaya [, gave the formula for calculating
Sin x, so for each x you can obtain Sin x, with an error of less than two percent. Later again in the seventh centry,

T

T
Brahmagupta used angles like (71' - x) R (E - xj and established a relation between Sine x and Cosine (E - )Cj .He

also established a relation between Sine and Cosine of the sum of two angles with the Sine and Cosine of the individual
angles like Sin (A+B) = SinAcosB + cosAsinB etc. Along with these two, in the twelfth century Bhaskaracharaya has
mentioned the use of tangets in his book 'Goladhyay'.

In the fourteenth century Mahadev analysed several trigonometric functions and their infinite series and came
up with some important expansion formulae, which were discovered much later in the western world. These are used
even today.

This information has been collected from different books and been presented here. Teachers and children are free to
obtain information on Trigonometry from other sources as well.




S With every step that we climb on the stair case, we go higher from the

/ ground (Fig.1)

R The height of first step P is PA from the ground.

/ Similary the second step Q is at height QB and the

third step R is at a height RC, the fourth step S,

isat SD.
On each step we not only go

higher from the ground but we also go

N

closer to the building.
C|D Do we go the same distance closer as we go higher? Is there a
Fig. 1 relation betwen these two?
hee PA . Q@B RC . SD
““ oA T oB - oc - oD

Thus the ratio of the height we climb, to the distance we move ahead, is the same.

Ifthe height to which we need to climb is a bit more what would be
required, if the ladder was the same? We would have to move the ladder
closer to the base of the house (Fig.2), thus increasing the angle made

by the ladder with the ground.

Now count the squares and say whether the ratio of the

distance to height is the same?

PA, QB R.C S,D,

OlAl B OlBl - OICI B OIDI

We see that it is indeed the same.

Though the value of'the ratio in second case is more. That is

when the angle made by the ladder with the ground (0)

increased, the ratio of height to distance increased. This

ratio is known as the tangent of this angle (0).
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means tangen OA OB
and tangent & = BA, = 9B,
1
g OIAI OlBl

Other Ratios:- If we look at this movement of going higher and towards
the wall in form of a line diagram, then it is as if we are making a right angled
triangles from every point representings a step as a vertex.

If we denote the angle made by the ladder with the ground as 0, the
height to which we climb is the perpendicular and distance from the wall is
the base and the ladder would represent the hypotenuse.

Perpendicular

0
0"A B CD

Base
Fig. 3
. . PA .
We have said above tangent 0 is OA which in the form of perpendicular and base
tan® would be = Perp]egr;cslécular . The value of which is the same in all the triangles of

Fig.3. Itremains the same for the same value of 6.

In short this is called tan 0.

ang PA_ OB _ RC

04 OB OC
Will there be any other ratios we get from these Line
Drawings
Can we get some other fixed ratios from these values

. X . . . Here in right angled AABC, £B = 90° and £A = 0 (in Fig. (i)
?

OfSIde‘S in the glver{ nght angled tnangle ?Letussee then side opposite to 0 is BC and side AB is the adjacent side. Also

the ratio of perpendicular to hypotensuse:-

AC is the hypotenuse.
PA QB RC Similarly in right angled AABC (in Fig. (i) <B = 90°, £C = 0

s H then the opposite side to 0 is AB and the adjacent side is BC, AC is
OP” 0Q  OR PP /
the hypotenuse.

Ratio=

Also letus see the ratio of base to hypotenuse.

Oppositeside BC AB BC
04 OB OC in Fig. (i) Sine:ifﬁ;;:;e=f,cos0=—,tan9=i
AC AC AB
oP’ 0Q " OR Accordingly find the ratios for Fig. (ii).
A A
Check if these ratios are the same. \
The ratio of the perpendicular to hypotenuse 3 - ‘% -
for a fixed angle is known as the sinef (in short sin6). 5 & £ .%%
'E % X <,
. P4 OB RC e 2 S 3
Hence sinf=— ==~ —_ — \
OP 0OQ OR

Oppofli)te Side© Adjﬂc:e__i)lt SideC
11,



Similarly the ratio of base to hypotenuse is known as cosine6 (in short cos0).

04 OB OC
OP 00 OR

cosO =

(sind, cos0, tanO etc. are known as trigonometric ratios)

h

i AC=5 AB=3 BC=4
@ AB=12 BC=5 AC=13
(i) AB=5 AC=13 BC=12
(v BC=12 AB=9 AC=15

Relationship between the Ratios

Relation between sin6, cos@ and tan@: If in right angled triangle ABC, ZB is right
angle and if ZC =0, then:-

tand = AB
~ BC
AB_AC
AC BC
_ AB_BC

AC  AC

= sinO + cos0O

Perpendicular

®

sin0

and = cos0

Some other Trigonometric Ratios
We saw that in a right angled triangle ABC, right angled at B and £C =6:-

Perpendicular Base Perpendicular

Hypotenuse = sind, Hypotenuse = cosb, Base = tand
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The reciprocals of these three give three more ratios whose names are:-

Hypotenuse 1
—Perpen dicular cosecantf (or cosecO) = sin0
Hypotenuse _ 0 0 _ 1
~ Base = secantd (or secO) = 030

Base 1
Perpendicular cotangeth (orcoth) = tan0
y Try This
sin ) . . .
If tan6 = 030 then can you write the ratio cot 0 in terms of sin 0 and cos 67

Trigonometric Ratio and Pythagoras Theorem

The concept of all trigonometric ratios can be understood by using a right angled triangle.

Pythagoras theorem also gives a relation between the sides of a right angled triangle. Letus  a’=a X a

use this to find a relation between the trigonometric ratios. B2=bxb
Let the lengths of the two sides of a right angled traingle be @ and b and the length

of hypotenuse be ¢, then by Pythogoras theorem, the relation between a, b and c is:-

a*+b*=c*  (Perpendicular’ + Base? = Hypotenuse?) (1) e
sin
Now ifthe h ith length ki 1 ith th flength
ow if the hypotenuse with length ¢ makes an angle 0 with the base of length b — qind x sind
then,
. a b
sin@ = — and cosb = —
c c
Squaring and adding the two gives us:- B
2 2
a b
sin®0+cos’0=— + —
c ¢
2 2 c
+ b a
sin’0 + cos?0 = a—2
c
2 90° 0,
c
sin’0 + cos’0 = — [ a*+b*=c?] c | b A
c .
Fig. 5

sin?0 + cos*0 =1



or we can write it as:-

sin’0 =1 —cos?0 or cos’0=1—sin’0
The above three statements of the relation between sin’*0 and cos® are in the form
of equations. These hold ture for all values of 0 from 0° to 90°. In right angled triangles, these
are known as trigonometric identities for an angle 0 (0 <6 <90°).
Some other identities exist which give a relation between tan’0 and sec®0 as also
between cot?0 and cosec?0. These can be obtained as follows, observe and understand:-

Identity-1 sin’0 + cos?0 = 1
Dividing throughout by sin’0 we get,

sin’0 cos’ 0 1

X A - .
sin’ 0 sin’0 sin’ 0

cosf
1 + cot?0 = cosec?0 (Identity-2) (- P cotf)

Again dividing identity-1 throughout by cos?0 we get:-

sin” 0 cos’0 1

cos’ 0 cos’0  cos’0

tan’0 + 1 = sec?0 or 1 +tan’0 =sec’0 (Identity-3)
Try This k

Like Identity-1, write Identity-2 and Identity-3 in different ways.

Tofind Trigonometric Ratios

We have seen that all six trigonometric ratios are related to each other. We have also seen
that if we know the value of one trigonometric ratio, then we can obtain the ratio of the sides

of any right angled triangle with the same angle 6.
We can do this using the Pythogras Theorem. Using one trigonometric ratio, we can
find all the remaining ratios.

Exavpre-1.  APQRis aright angled triangle in which £Q is the right angle and /R =6°.
Given sinf = 5 Can we find the remaining five ratios?

Perpendicular ~ PQ 3

SoLutioN: -+ sinf = Hypotenuse PR 5



0 TeconomemcalRemo&loenmes

3x
We can write this as sin@ = Sy (Astheratio of 3xto 5xis3:5)

Then we can say PQ = 3x, PR=5x ... (1)
In right angled PQR, Hypotenuse® = Perpendicular’ + Base?
(5x)* = (3x)* + Base?
25x? — 9x? + Base?
16x> = Base?
N 0
(4x)> = Base? Q Fig. 6

=

(Finding a square root on both sides we get)

.. Base (QR) =4x

Base 4x

4
Now cos 6 = Hypotenuse T 5y 5

Similarly we can find the other trigonometric ratios.

5
Exavpre-2.  Ifsin@= — , find the remaining trigonometric ratios.

13
Sorution :  Givensinf= B (1)
Using this how do we find value of cos0

We know-
sin?0 + cos?0 =1
To find cosO we rewrite this as

cos’0=1—sin%0

5 5
2 — _ - . . - —
cos’0 =1 (13) [Given sinO 3
oo 25 169 - 25 144
O 69 T 169 169
ze_[zf
COS“0 = 13
12
cosb= — L. 2)

13



Now we know sin® and cos9, so lets find value of tan®.

sin 0 )
We know that tan0 = 050 or sin® +cosO
ST T3
5 13
= — X —
13 12
tand = i
12

Now we can find the other ratios secH, cosec6 and cot0

Since we know sect = , cosecO=———, cotO= ——
0s6 sin 0 tan 0

IR Tt

So secO c0s0 1 213 D

1 1 13

cosec) = —— = —— =
i 5
sin© %3 5

© 1 1 12
co = = —_— = —
5
tan© % ) 5

5
ExampLe-3. Ifsecd = 3 then find the other trigonometric ratios for ZA.

5
SOLUTION : We are given sec 4 = g

1
1) Butas sec 4 = - (secA is the reciprocal of cosA)

osA

.Ccos A= ! :E

%



N

(ii)

(v)

V)

Using identity, we will find value of sinA

sin? 4 =1——cos> 4

2
BT A RS
5 25

25-9 16

25 25

o
Sin 5

sinA:i
5

As tan A= sin A
stanA= cos A

orsinA -+ cosA

So, tanA=—+>
0, an -

tanAzi
3

The reciprocal of tanA is cotA

Hence et~ L3

ence Cco _tanA 4 4
3

1 1 5

9]

Hence cosecA = —

AN




5sin® — 3cosO
ExavirLe-4.  If 5tanB =4, then find value of ———————
sin 0+2cos6

SOLUTION :  5tanO = 4

tand = —
So, an0 5

5sin 0 — 3cosO

Now, sin 0+2cosO

sin O _3cos9

s(i:gsee zgzg (Dividing both numerator and denominator by cos0)
+2

cos0 cos0

~ Stanf -3 .. sin@
© tan0+2 " cos0

) (:J+2
. 4-3 1
a (4+10% a 1%

Bl
14

ExampLe-5.  Iftan® =1 inaright angled AABC right angled at B,
prove that 2 sinf cos = 1

S In AABC, tanf Be 1
OLUTION : n N

OrBC=AB
Say AB =BC =k (k is some positive number)

NowAC=(AB) +(BC) = P4k =kvZ |-

Fig. 7
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BC 1

Hence, sinb = AC = ﬁ and cosO =

J3E

So 2sind cosd = 2(% (%} —1 (w2xy2=2)

Or 2sin0 cosO =1

I. One of the trigonometric ratios is given below. Find the remaining trigonometric
ratios:-
| T 1
(1) and =7 (1) sinf =13 (ii1) cosa = 3
: 5 .
(iv) cotd =1 v) CosecA = 1 (vi) secfp=2

(vii)  cosecA = /10

21
2. If cotb = —, then find the value of sinf x cos6.

20
4 cot A—sinA
3. If cosA = —, then find the value of ——————
5 2tanA
tan 0 — sin6

5
4. IfsecO = —, then find the value of ————— .
3 1+ tan 0.sin6

1
5. If sinA = 3 then find the value of cosA, cosecA +tanA and secA.

1
6. Inaright angled AABC, right angle is at ZC and tanA = ﬁ , then find the value of

sinAcosB + cosA sinB.

3 sin A + cosA
7. IfcotA= —,thenfind thevalueof ——.
4 sin A — cosA

) 4 4tan6 — 5cosH
8. Ifsin® = — , then find the valueof ———————.
5 secO + 4cotO




Trigonometric Ratios for Some Special Angles

We can find the trigonometric ratios for 6 = 0°, 30°, 45°, 60° or 90° in a right angled

triangle using geometry. Let us see how:-

Trigonometric Ratios of 45°
Triangle ABC is right angled triangle with right angle at /B and ZC=45°

45°,

(@}

a
Fig. 8

Clearly ZA will also be 45°
Soif BC=athen

AB=a(Why?)
(Inatriangle, sides opposite equal angles are equal)
Now AC? =AB?+BC? (By Pythagoras Theorem)
=a’+a® =2a*
AC =ah
For ZC (45°), BCis base, AB is perpendicular and AC is the hypotenuse.
AB a 1
sin C=sin45° = AC = 2 = ﬁ

BC a

cos 45 =A_C = aﬁ

-

tandso=— = = =1
an " BC a
(450 = ——=1
OV ™ tanase 1
1 1
sec 45° = =\/5

cosds°e 1
Vs

1 1
cosec 45° = — = = \/5
sin 45° y
V2

Trigonometric Ratios of 30°
Consider an equilateral triangle ABD whose each side is of length 2a and each angles is

60°.



0 TeconomemcalRemo&tloenmes

Draw a perpendicular from B to AD, which meets AD in C
AC=CD=a (Why?)
ZABC=2/ZDBC=30° (Why?)

(A perpendicular drawn from the vertex of an equilateral triangle bisects the

30°

o)
u

@

opposite side and also the angle at this vertex) a
Now AACB is right angled with a right angle at C.

ZABC =30° and the base for this angle is BC, AC is the perpendicular
and AB is the hypotenuse.

BC? =AB>-A(C? (from BC*+ AC? =AB?)
=Q2a)*—(a)y =4a*-a*
=3a*=a’3

BC =a.3

Now we have the lengths of AB, BC and AC.

You can write the trigonometric ratios for 30° in your copies. Compare your answers

Fig. 9

with your friends.

Trigonometric Ratios for 60°
AABC has ZA =60°

For this angle, the perpendicular BC (= a3 ) and base AC (= a), BC 2a
whereas hypotenuse AB (= 2a).

. BC a\/§ \/§ aﬁ
sin60°= — = — = —
AB 2a 2 a

30°

2a
Fig. 10

go=C _a _1
COSOV"AB 24 2
BC a\/g

tan 60°=—— =
AC a

=3

Find the remaining ratios with the help of your friends.

Trigonometric Ratios for (0°

To find trigonometric ratios for 0° angle, we will have to think about a right angled triangle
with one angle 0°. Do you think that such a triangle is possible? (Discuss this with your
friends)



We shall think about how in a right angled triangle, if one of'its acute angles is
continuously reduced, will affect the lengths of the sides.

(i)

(iv)
Fig. 11

APQR is right angled triangle. ZPQR is the angle which has to be reduced till it
become 0°. The figures (i) to (vi) shows the continuous reduction of the angle 6.

As the angle reduces, what changes can be observed in the perpendicular PR?

Is the hypotenuse QP also changing?

We can see that as 0 is reduced, PR is also getting smaller. So when 6 is going
towards 0°, PR is also going towards 0

Hence when 6 = 0, perpendicular PR =0.
Along with this QP is also getting smaller and almost equal to the base QR.

Hence for 6 =0, base QR = hypotenuse QP

., PR 0
c.sin 0 _QP QP =0

o % 1
cos 0°= QP =1 (. QR = QP given)

PR _ 0
tanO—QR QR_O

R R
cot(0°= (I%_R = QT = Not defined (in a rational number, if denominator is zero,
the number is undefined)
QP

sec 0 =Q—R=l
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O°—Q——P—Ntdf d
cosec 0= o Notdefine

Trigonometric Ratios for 90°

To get trigonometric ratios for 90°, we have to take a right angled triangle and see what
happens as we increase 6 to 90°.

P

.........

U]

PQR is aright angled triangle in which ZPQR is increased till it becomes 90°. in
Fig.12, you can see waht happens as we continuously increase the ZQ till it becomes 90°.

As we increase ZQ, can you see a change is the base QR?
Is there any change in hypotenuse PQ?
Asyou can see, as we increase the value of Q, the base QR gets reduced and when

ZQ=90°, then QR = 0. Also the length of the hypotenuse reduces and becomes almost
equal to perpendicular PR.

Hence when ZQ =90°, hypotenuse PQ = perpendicular PR and base QR =0
Perpendicular PR

S0 Sin 90° = Hypotenuse - % =1
: Base QR 0
Cos 907 = Hypotenuse PQ | =0
a1 90° — Perpendicular PR~ PR  Not defined
an90° = —— = QR ~ o Notdefine

Similarly we can find the other ratios.




The Trigonometric Ratios of the Special Angles

TABLE -1
Angles/ 0° 30° 45° 60° 9(°
Ratio
. 1 1 NG
Sllle 0 5 \/5 7 1
N 1
cos0 1 7 \/5 ) 0
1
tan0 0 NG 1 J3 | Notdefined
1
cotd Notdefined | /3 1 NG 0
2
secO 1 N NG 2 Not defined
2
cosecO | Notdefined 2 2 NG 1
ExavrLe-6.  Find the value of
c0s 60° cos 30° + sin 60° sin 30°
SoLuTION ¢ c0s 60° cos 30° + sin 60° sin 30° tan 90°, sec 90°, cot 0°
and cosec 0° are not
1 \/§ \/§ 1 laci | defined. If we take an
TSN TS (Onreplacing values) angle slightly less than
90°, then tanO and secO
_ ﬂ n V3 y ﬁ will have a very large
4 4 4 value. So when it
NG reaches 90°, this value
_ N3 will be infinite.
2 Similarly cot® and
ExamrLe-7.  Determine the value of’- cosecO become infi-

5sin®30° + cos?45° — 4tan*30°

2sin30° cos30° + tan45°

nitely large as 0 ap-
proaches 0, so we can-
not determine their

value.
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5sin?30° + cos?45° — 4tan*30°
2sin30° cos30° + tan45°

SOLUTION :

2 x 1 % V3 i1 (Onreplacing values)
2 2
5 1 4
N + —_
4 2 3
V3 + 1
2

I5+6 -16 21 — 16

_ 12 __ 12
V+2 V+2
2 2
_5 g 2 5
12 3+2 0 6(\3+2)
= > X (2_\/5) (On rationalising the denominator)
6(2+3)  (2-45)
5 2—\/5) 5(2-3 2 2
T ( : ) ((2+J§)(2—J§)=(2) ~(v3) )

Exampre-8.  Prove that cos?30° —sin?30° = cos 60°

SorutioN ¢ c0s*30° —sin?30°
= (cos 30°)?—(sin 30°)?

W
I
—

2
4




Choose the correct option from the following:-

. 1 — tan”45°
O T s
1 + tan” 45
(a)1 (b) tan90° ()0 (d) sin45°
. 2tan30°
@ e300 -

(a)sin60°  (b)sin30° (c)tan60° (d)cos 60°
Evaluate the following:-
(1) cos30°cos45°—sin30°sin45° (i) tan 30°sec45°+ tan 60° sec 30°

cot 60°
sec30° — tan45°

(i) cosec 30° + cot 45° (@iv)

cos30° + sin60°
1+c0s60° + sin30°

(v) tan?60° +tan*45°

sin® 45° + cos” 45° i) sin30° — sin90° + 2cos0°
tan” 60° it tan 30° tan 60°

(vii)

Check whether true or false:-
(1)  sin30°cos 60° + cos 30° sin 60° = tan 90°
@) 1-—2sin*30°=cos? 60° (i) 2cos? 45° — 1 = cos 90°

(iv) sin?45°=1-cos*45° (v) sin? 60° + cos? 60° =1

TrigonometricEquations

Just as on solving an algebraic equation, we evaluate the value of unknowns like x, y, z, .....,
similarly in trigonometric by solving equations we can evaluate the values of angle 0.

In this section we shall try to study equations which give the value of unknown 0 lying

between 0° to 90°

ExavpLe-8.  Solve for 0 the equation 2sin0—1=01f(0°<6°<90°

SOLUTION : 2sin0—-1=0

2sin0=1 or sin0 =

N | —



. 1
sin O = sin 30° ( sin30° = EJ
5. 0=30°

Exampre-9.  Solve for 0 the equation /3 tan © = 1 when 0° <6° <90°

1

SoLution:  (f3tanO=1ortan 0= NG

o ("tan30° = Lj
tan O = tan 30 . \/3

- 0=30°

Solve the following equations for the value of ©, when 0° <6° <90°

1
1. sin®=cos0 2. 2cos0=1 3.  2sin’0= 5
4. 3tan’0-1=0 5. 2sinf=.3 6. tan0=0
1
7.  3cosec’0=4 8. 2cos’0= 5 9. 4sin’0-3=0
10. 4sec’0-1=3 11. cot?’0=3

Other Applications of Trigonometric Ratios

Till now the trigonometric ratios that we have studied have been for angles of a right angled
triangle.

In fact, besides right angled triangles, the trigonometric ratios also exist and are
defined for other triangles, quadrilaterals, pentagons and polygons. These are special
characteristics of the angles. So if we know the value of the angles in a figure, we can use
trigonometric ratios to determine the length of the sides. This can be understood by the
following example:- A

ExampLe-10.  Consider a triangle ABC in which /B =45°
and ZC=30°, AB =5 cm. Thus the triangle -
is not aright angled traingle. e 30°
Sorution :  Canwe find AC and BC using the information B Fig. 13

(@]



given?
We can construct a perpendicular from the vertex A to the side BC,
intersecting the side in D.

Now consider AABD,

: 450_A_D_A_D
Sin —AB— 5

5
(o Or AD=5sin45°=$

Now we can find BD. Rehana said that in the AABD, AD =BD
Do you think that is correct?

Fig. 14

Are they equal?
A Now take AADC

) AD
& sin 30° = AC

45° 30° AD
sin30°

w
g]
I

D
Fig. 15

=% ><2=5\/§
NE]

And DC =AC c0s30° =5./p 5

5><\/§
2

BD and DC, both add to give BC

5 503 5(1+\/§)
BC= —2 +——=———7

2 V2

5(1+\/§)

Hence AB=5,AC=5 /7 and BC= ——F———~
V2 7



Find all the sides in the following triangles:
)C‘
o, G
1 ) /\%\ 2 . X
o130 a5°\ ¢ B LENANG
A
3. 8 4. ”
° s
B 60° 607\ ¢ WA C
I. The trigonometric ratios can be found using the following:-
Perpendicular Base Perpendicular
sin0= " . cosb=, . tan= —————
Hypotenuse Hypotenuse Base
Hypotenuse Hypotenuse Base

cosech = Perpendicular sech = Base coth = Perpendicular

2. The relation between the various trigonometric ratios is:-
0 1
tan0 = > _cosec=—— sech= , coth=
cos sin cos tan 0

3. If we know one trigonometric ratio of one of the acute angles of the triangle, we can

find the remaining trigonometric ratios.
4. We can find the trigonometric ratios for particular angles like 0°, 30°, 45°, 60° and

90°.
5. The value of sinA or cosA can never exceed 1 whereas the value of secA or

cosecA is always 1 or more than 1.

6. The three identities are:-
sin?0 + cos?0 =1
1 + cot?0 =cosec’®0  where 0#0°

1 + tan?0 = sec?0 where 0 # 90°




GEOMETRY

Let us know something about the history of geometry.....

The moment human started distinguishing between shapes around him, it led to the creation of geometry. Since then
there are many objects whose name is based on their geometrical shapes. To understand more about these shapes
human started to draw these shapes in different ways and in this effort he created different lines and shapes.

In this process he also studied spatial relationship. This developed the understanding of angles and construction
of shapes. In India geometry was predominantly used in construction of monuments and to locate and forecast the
position of celestial bodies. There were many formulae to do this. Initial geometry was an endeavour based more on
experience and extracting rules from these examples. Those rules were created to find and calculate length, breadth,
height, angle, area, volume etc. easily. The aim of this was to find the use in daily needs like survey of land, construction
of building ,bridges and for geological and other technical uses. But as often happens the scope of geometry was also
to make further discoveries and it slowly got more extensive.

Geometry which means land measurement shows the reason for its creation. Many formulaes of those times
were as complicated and deep as todays contemporary mathematics, 'which is not easy to find even today. This was the
begininng of formal geometry. In the era of Harappan Civilization people were experts in measurement as well as creating
geometrical shapes. Likewsie in Shulva-Sutra there is a description of how to construct and find area of triangles,
squares, rectangles and other complicated geometrical shapes. These formulae could also be used more comprehensively.
Thus, the formulae related to triangles and quadrilaterals can be used for all types of triangles and quadrilaterals.

Few examples of Shulva-Sutra:-
L. To construct a square equal to the sum of the area of two given squares.
2. To construct a square with double the area of the given square.

To construct a square with double the area of the given square, we need to find the side for that square,
Katyayan and Apstambh had given the following Shulva-Sutras for this:-

3 3X4—mj =1.4142156 x old side

1 1
New side =old side | 1+Z+

This value is the same as value of /2 correct up to five decimal places.

We find several examples of this kind of geometrical rules and formulae in Egyptian, Indian (Indus valley and
Harappan), Babylonian, Arabian civilization.

This information has been collected from different books and presented. Teachers and students can collect more
information about geometry from other sources.




Straight Line & Angle
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There are lot of shapes hidden around us. In the picture given below we can see a door,
frame of a window, top surface of a book, roof-top etc., all these shapes are rectangular.

Some other objects may have surfaces that are triangular, pentagonal or any other
shape. Every angel rectangular object has all angles equal to 90° and has opposite side that
are equal. Other shapes also have some line segments that are equal and their angles could
be equal.

See the window grill in the picture. There are lots of line segments in the picture
which intersect each other. In this grill and the other grid type we find several line segments
which meet at different intersecting points. Is there any relation between the angles made at
the intersecting points? In this chapter we will study the angles made by lines at their points

of intersection.

Line Segment and End Points

Draw a line on your copy. What symbols are used to express it?
Now draw a ray. Which symbols are use for this?
Does a line have any end point? And in a ray? Discuss with your classmate.

See the picture given below:-

How many end points are there? This picture does  a B
not show a line or a ray. This is a line segment. Fig. 2
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This can also be marked on a line.

How many line segment can be there on a line?

Discuss with your friends.

Identifying a Line Segment

»

1 »

P C=l R 1. How many points are marked on this line?
Fig. 3 2. How many line segment are there on this line? Which are they?

Try to identify all these three things in figures 4, 5, 6 and 7.

P Q R S P Q R S T

A

A
\/

Fig. 4 Fig. 5
Cop Q R S T u o
Fig. 6
o Q R s T u v
Fig. 7
Number of points Name of Name of line Numbers of
on the line the points segment line segments
3 P,Q,R PQ, PR, QR 3
4 P,Q,R,S
5
6
7

Here PQ and QP are the name for the same line segment.

If only two points are marked on a line then how many line segments would there
be?

According to this table what relationship is there between the number of points
and numbers of line segments.

Likewise if there are 8 points on the line then the number of line segments are
1+2+3+4+5+6+7.

Ifthere are n points on the line then the number of line segment would be
1+2+3+4+5+. ... +(m-1)

Do you agree with this? Discuss with your friends.
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CollinearPoints

In the above table P, Q, R, S etc. on a single line. These are collinear points. This means all
the points which lie on the same line are called collinear points.

Here points A, B and C are collinear. (Fig.8) A B C
In Fig.9, are the points A, B, C and D collinear? Can Fig. 8

we also say that B, C and D not collinear?
And are C and D also not collinear? D

Can we draw a line on which both points C and D lie? Yes, line segment CD lies on
this line.

Clearly any two points must have lie on any one line,
and on this line they will be collinear.

A B
So, whether the points are colinear or not, is a question

which is relavant only when we are taking about at least three points. Only

then would you ask the question whether the points are collinear or not?

Fig. 9

Think and Discuss

Can three collinear points make a triangle?

Line and Angle

In figure-9 angle DCA at point 'C' is more than 90°, so this is an obtuse angle.

We know different kinds of angle like acute angle, right angle, obtuse angle, straight
angle and reflex angle.

Try This
Draw each type of angle we have mentioned and write their names.

Adjacent, Complementary & Supplementary Angles
C

. . . . A
Here we will see which pair of angles comes into the

B
category of adjacent angles, complementary angles and
supplementary angles.
2
Adjacant Angles 1 2 !
Seethe given Fig.10(i) and (ii). A 0 B 0

(i) (i)
Fig. 10



L A
1

There are two angles 1 and 2 both in Fig.10(i) and (ii). In which O is a vertex and
side OC is in middle and is a common side.

Therefore in Fig.10 angles 1 and 2 are adjacent angles.
Now see Fig.11(1), (ii) and (iii):-

ﬂD C C
4 7B
B
A
3 4
A
o o
(i) (ii) (iii)
Fig. 11

In Fig.11(i), 3 and 4 have same vertex but there is no common side in these angles.

In Fig.(ii) angle 3 and 4 have different vertices, for angle 3 vertex is O, while for
angle 4 itisA.

In Fig.11(iii) angle 3 and 4 have some common side OA, but angle 3 is a part of
angle 4.

Therefore in all the Fig.11, angles 3 and 4, are not adjacent.

Two angles are adjacent when they have a common side, a common vertex and
both angles do not overlap each other.

Draw two angle which are not adjacent. C

2. See the figure and say whether the following
are adjacent or not?
@  ZAOB and /BOC b
i)  ~BOC and /DOE
(i) ~EOD and /DOC

>
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_ Think and Discuss

Where are two angles adjacent ?
)] When both the angles are obtuse (1) Both are acute

@)  One angle is obtuse and the other is acute.

Complementary Angles
Look at the figures below, each figure has two angles. What is the sum of each of these
angle pairs?

P Bs Ac B

A

C
Q 307
. 50°
70 400 60.,
20° SR o >A >A
o : > -
(i) (i) (iii)
Fig. 12

When sum of a pair of angles is 90°, then each angle is complementary to the

other.
See these complementary angles are also adjacent.
You too draw some more adjacent complementary angle like the ones given in
Fig.12.
Supplementary Angle
What is the sum of Z1 and £2 given in figure below?
s
C C
2 1
1 1 2 2
A< o) > B A< 0 > B A< ) » B
(i) (i) (iii)
Q R G J
S H |
(iv) Fig. 13 (v)

Sum of all these pair angles is 180°, that means each angle is supplement to other.



Are the angles in Fig.13(i), (i1) and (iii) adjacent angles? Are the angles (iv) and (v)
also adjacent?

Here in Fig.13(i), (ii) and (iii) the sum of pair of adjacent angles makes a straight
line, this is also called straight angle. This kind of pair of angles is also called linear pair of
angles.

Can we say each pair of supplementary angles is also a linear pair of angles?

Are angles inFig. 13(iv) and (v) also a linear pair?

Think and Discuss k

1. Can two right angles be a complementary angles?

2. Is each linear pair also supplementary angles?

Try This k

. Which of the following angles are complementary or supplementary? Which ones are
adjacent or linear pairs.

A
B /7/
1 C
(0]
(i)

(||)

-4 R

N (iii)

2 From the following figure, which angles represent the following
pair
(i) £L1and £2 (i) Z5and £6 (iii) £6 and £3

61 4 (iv) Z5and 22 (v) Z3 and 24
A< E

Intersecting and Non-intersecting Lines

In Fig.14(1) and (i1) if we increase the lines, then which pair of lines intersect
each other?

C< ”

A€

Fig. 14 (i)
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G\ Here line AB and CD do not intersect each G\o F
H  other. Where as lines GH and EF when extended ~ E<— ) —%,
. . Fig. 15
Et— —»F toHand F meetat point O (Fig.15)
Fig. 14 (ii) Therefore AB and CD are non-intersecting lines. And EF

or GH are intersecting lines.

Angle Made by Two Intersecting Lines

When tow lines intersect each other on any point, some angles are formed
at the point of intersection .

Look at the Fig.16. Lines AB and CD intersect each other at point
O. This forms £1, £2, /3 and £4. Is there any similarity between £1 and
Z3 or £2 and /4. A

Fig. 16
Here we can see that Z1 and /3 meet at point O and are opposite
to each other. Likewise £2 and Z4. These angles are called vertrically opposite angles.

Propery of Vertically Opposite Angles

Here £1, Z3 and /2, /4 are vertically opposite angles.
Above the line CD
ZCOB+ ZBOD = ZCOD
What is ZCOD, here?

This is straight angle.
So, ZCOB+ ZBOD = 180°
Or 2+ /3=180° ... (1)

Can you find the same type of relation above line AB.
ZAOC+ ZCOB = ZAOB

Or Z1+/2=180° .. (i)

Here ZAOB is a straight line angle.

Now in (i) and (ii)
L2+/3=/1+22

Or /Z3=/1

So Z1=Z3 L. (iii)




Similary, you can add the angles above line CD and add the angles below line AB
and find the following relationship :

L2 = /4 (iv)

Here Z1 and £3, £2 and /4 are vertically opposite angles. From the equation

(1i1) and (iv) we can say that these angles are equal. Therefore vertically opposite angles are
equal.

A

In figure, 22 =110° then find the measurement of /1
and £4.

Exavrre-1.  InFig. 18, QA and QB are opposite rays. What is the measurement of

ZAOC and ZBOC?

SOLUTION :

OA and QB are opposite rays.
which make ZAOC and ZBOC a linear pair.
Hence ZAOC+ £ZBOC = 180°

(2x+20° )+ 2x =18(°
4x+20°=180°
x=40°

Now  Z40C=2x+20°

ZAO0C=/2COD+~Z2DOA
= 2(40°) +20° =xH(x+207)
=2x+20°
=100°
And /BOC=2x
=2(40%)
=80°
Hence ZAOC =100° and ZBOC = 80°
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ExavprLe-2.  In the given Fig.19, lines AB and CD intersect at a point O. If
ZAOC : ZCOB = 7 : 8, find the measures of all angles.

SorutioN @ According to the questions /AOC : Z/COB =7:8
Soif FJ4AOC =7x ... (1)
then /COB =8x ... (i1)
The ray OC stand on the line AB. (linear pair)

ZAOC + ZCOB =180°
7x + 8x = 180°
15x = 180°
x=12 . (iii)
Now  /40C =17x
=7(12°
= 840
And  /COB = 8x
=8(12°
= 960
Also  /BOD = £AOC = 84° (Vertically opposite angles)
9% /A0D = /COB =96° (Vertically opposite angles)

ExamrLe-3.  Inthe given Fig.20, /COD =90°, /BOE =72°and if AOB is a straight

line, find the measures of /40C , /BOD and /AOE . C D
Sorution :  AOBisastraightline, 90°
/AOE + /BOE = 180° (linear pair) < X y >
=3x + 72°=180° A 30\ 72° B
=3x=108°
=x=36c .. (1) Fig. 20
E
Similarly, ZAOC+ ZCOD+ ZDOB = 180° (straight angle)

=x+90°+y=180°
=36°+90°+ y=180°
= 126°+y = 180°
sLoy=54 L. (i1)
Hence /40C =x=36°
ZBOD =y =54
And /A4OE = 3x=3 x36°=108°
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ExampLE-4-

SOLUTION :

If
then

Butray OR, besects £ POS,

In the given Fig.21, ray OS starts from the point O on line PQ. Other rays

OR and OT bisect angles £ POS and £ SOQ respectively. Find mea-
sures of Z ROT.

Ray OS, is on the line PQ, hence by the a linear pair axiom,
ZPOS + £S0Q = 180°

ZPOS =x
x+ £2S0Q = 180°
ZS0Q=180°-x ... (1)

o]
1 .
hence /ROS = 5% ZPOS Fig. 21
1 x ..
= —X = —
YXES e (i1)

Similarly Ray OT bisects 2 SOQ,

It is clear from the figure,

ExampLE-S.

S Fig. 22

Hence ZSOT = %ZSOQ

- %(180"—36) (from (1))

ZROT = ZROS+ £SOT

X X X X
=—+|90°-—— =_4+90°-=—
s3] teor-
Hence /ROT =90°

In the adjjacent figure, there are four rays OP,0Q,OR and QS, Prove
that Z/POQ + ZQOR + ZSOR + ZPOS = 360°

q Sorution :Inthe given Fig.22, We need to extend one of the rays OP,0Q, OR
or QS toapointbeyond O. (Why ?)

Extend ray OQ to apoint T. (Fig.23) so that TOQ is a straight line.
Now it is clear from the figure that ray OP on TQ and so the linear pair

axiom applies



‘ STRAIGHT LINE 8 ANGLE

ZTOP + /ZPOQ =180° ..... (1)
Similarly ray QS ison TQ and so by linear pair axiom,
ZTOS + ZS0Q =180° .....(i1)
By adding equations (i) and (ii),
ZTOP+ZPOQ+ LTOS+ £S0Q =360°.....(ii1)
It is clear from the figure that-
ZTOP+ ZTOS = ZPOS
/ZTOP =/POS—-ZTOS ... (iv)
And ,SOQ= /SOR+ ,QOR ... (v)
Keeping values of equations (iv) and (v)in equation (iii)
,POS- ,TOS+ ,POQ+ ,TOS+ ,SOR+ ,QOR =360°
Hence, proved that +POQ+ ,QOR+ ,SOR + ,POS =360°

Exercise 9.1

R
1. Inthe figure alongside, /POR and ZQOR are a linear
X—AY pair. If x — y = 80° find the values of x and y.

R
2. In the given figure lines PQ and RS intersect in point O. If T
ZPOR + ZQOT =70° and ~£QOS = 40°, then find the measures Pe . Q

of ZQOT andreflex /ROT. h O\ -
S

3. In the adjoining figure, lines AB and LM

intersectinapoint O.If /NOB =90° and x:y=2:3then

find the value of z.

4. In the given figure

/ECD=/EDC then prove that p<
/ECA=Z/EDB

\4
@®

5. Inthegivenfigure 3 + b =c+d thenprovethat T OM is
astraight line.
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C
A
b 6. Inthe given figure, AOB isaline Ray OC is perpendicular to
AB. There is another ray OD between rays OA and OC. Prove
that ZCOD = l(LBOD - ZAOD)
A< ) >B 2

7. If ,ABC=64° and ARBis extended to a point ¥, Draw a figure to show this
information. Ifray BY biscects Z/CBX, then find measures of ZABY andreflex Z/YBX .

Parallel Lines and Transversal Lines

What sort of lines ¢/, m can you see in Fig.24 and 25?

The lines /,m in Fig.24 are non intersecting lines and in Fig.25
are interesecting lines.

In both the figures line 7 is intersecting both lines ¢ and m in points
P and Q respectively. This line 7 is called a transversal.

Observe the Fig.24 and 25. In which of the two, is the distance
same at all points of lines ¢ and m.

Here the lines /,m in Fig.25 are intersecting and the distance
Fig. 24 between them is unequal and in Fig.24 they are non intersecting and the
distance between them is the same. These are known as parallel lines.

When a transversal cuts two other lines, the following angles are formed in both
Fig.24 and 25.

(i) Corresponding angles

! (a) 1 and /5 (b) 2 and /6

() «3 and ,7 (d) z4 and /8
(i)  Alternate interior angles

(@) ~4 and z6  (b) 3 and /5
(iti)  Alternate exterior angle

(a) «1 and ~7 (b) ,2 and 8
(iv) The interior angles on the same side of the transversal

(@) z4 and 5 (b) £3 and /6

Fig. 25

Interior angles on the same side of the transversal are also referred as consecutive
interior angles or allied angles or co-interior angles. Quite often the alternate interior angles
are simply refered as alternate angles.
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v) The angles which are on the same side of transversal but on the exterior side of the
two lines, are known as, consecutive exterior angles or allied exterior angles or

coexterior angle.
(a) ~1 and 8 (b) 2 and /7
Try This
Complete the table by observing the given figure-
S. | Pair of angles Angles Number of pairs
No. of angles
1 | Alternate Interior angle 2

2 | Interior angles on same

side of transversal
3 Za and Zg
Zb and Zh
4 Za and Zh
/b and Zg
5 | Corresponding angles 4

Properties of Corresponding angle & Alternate Angle

Corresponding and alternate angles are formed when a transversal intersects two other
lines. Is there a relation between the pairs so formed?

When a transversal intersects two intersecting lines, the pairs of corresponding and
alternate angles are not equal, but if these two lines are parallel, then both pairs of corre-

sponding angles and alternate angles are equal.

Think and Discuss

If a transversal intersect two other lines such that the corresponding pair of angles are
equal, then can we say that the two lines are parallel?

Now the question is whether based on this property of corresponding angles, can
we say something of the proportions of other angles pairs formed by the transversal with the
parallel lines like the alternate interior angles or alternate exterior angles? Yes, in order to do
this we take two parallel lines y and m , which are cut by a transversal z at points P and Q.

Look at Fig.26.




" Here /1= /5 (Corresponding angles) — (i)
- 1 A2 /1= 3 (Vertically opposite angles) — (ii)
AVAZA from (i) and (i), /5= /3
>\6

What angles are these? These are alternate interior angles.

So we can say that when a transversal cuts two parallel lines, the

~ s
o 4
)
[~
\og
~N
v

alternate interior angles are equal.

Think and Discuss k

If a transversal intersects two lines such that the alternate interior
angles are equal, can we say that the lines are parallel?

S Ty A

In the given figures, find the values of /1 and ) ,iftransversal n
intersects two parellel lines / and m. Give reasons for your answers.

(ii) (iii) (iv)

Lines Parallel to the Same Line

Iftwo lines are parallel to the same line, are they parallel to each other?
For inspecting this, draw three lines /,m,n as shown in adjoining figure, such that
line m is parallel to line / and line  is parallel to line /.
\(\1 Draw a transversal ¢ intersecting lines /, m and n.
\(\2 >/ By the corresponding angles postulate,

> m /1=/2 (1)
e
> 1 A1=/3 )

A

A

A
\

Hence, from (1) and (2), We deduce
L2=/3
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But /2 and 3 arethe corresponding angles formed by transversal # with lines

mand n, hence we can say thatline m and n are parallel.

This result can be written as a theorem as follows : Theorem

It is that statement which
can be proved logically us-
to each other. ing known facts and logic.

ExamvpLe-6.  Find valuesof x,y,z and a,b,c from the given Fig.28.

Theorem-1 | Thelines which are parallel to the same line, are parallel

SorutioN :  Fromthe figure,
y=110° (- Corresponding angles )
and  x+y=180° (Linear pair )

x+ 110° = 180° a [ /:
-  x=70° < N

=
z=x=70° ( -» Corresponding angles ) 1o\
Again c=65° (- Alternate angles ) C

And a+c=180° ( -- Linear pair )

= a+65°=180°

_ a=115° Fig. 28

Also b=c=065° ( -+ Vertically opposite angles)

Hence a=115°,b=065°, c=65°
x=70° y=110°, z=70°

ExavpLe-7.  Inthe given figure, if PQ || RS, ZMXQ =135° and P< X135° >Q

Z/MYR = 40° then find measure of ,XMY - "
;})LUTION : Construct a line AB parellel to PQ and passing through »
. R« »>S

Now, AB| RS and PQJRS.
Hence, ZQXM + ZXMB =180° ....(1)

(- AB|| PQ, and these are cointerior angles on same side of transversal)
fig—30

bl

A
£

>
A
%
> Q@'
<
5 2
(¥
(-]
\ 4
[e+)

According to the question, QXM =135°, so by equation (1)
135°+/XMB =180°
ZXMB =180°-135° o Y

/XMB =45 .. )
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Again  /BMY = /MYR .- 3) (.- ABJ|RS, Alternate angles)
According to the questions, ~ Z/MYR = 40°, and by equaction (3)
Z/BMY =40° .. @)
Adding equation (2) and (4) we get,
ZXMB + ZBMY =45°+40°
Thatis ZXMY = 85°

ExampLE-8.  Inthe given figure AB || CD find the value of x.
Sorution :  Draw EF|| AB passing through point E. So obviously EF || CD
Now EF|CD and CE isatransversal, So

ZDCE + ZCEF =180°
=  x+ZCEF=180° (. ZDCE=x)
Z/CEF=180°-x .. (1)
EF||AB and AE isatransversal
So /BAE + ZAEF =180° (- Cointerior angles)
105°+(ZAEC + ZCEF) = 180°

(- /BAE =105°)

105° +25°+(180° —x) =180°
(- ZAEC = 25° and from equation (1))

310°—x =180°
Hence x =130°

ExamrLe-9.  Ifatransversal intersects two lines such that the bisectors of the pair of
corresponding angles are parallel, then prove that the lines are parallel to

each other.
A E ) .
SoruTioN @ According to the Fig.33, AD is a transversal
o »Q intersecting lines PQ and RS inpoints B and C respectively.
8 G Ray BE bisects #ABQ and CG bisects Z/BCS. Also BE || CG
To Prove that : PQ| RS
R< »S
¢ We are given that BE bisects £~ 4 B QO ,

Fig. 33 D



Hence ZABE = %ZABQ

Similarly CG bisects /BCS.

Hence £BCG = %ABCS ..... o)

But BE||CG and AD isatransversal, hence
/ABE=/BCG . ©)
From equctions (1), (2) and (3)

1 aBo=L/Bcs
2 2
Or  /ABQ= /BCS

But these are cooespoding angles formed by the transveral AD on the lines PQ
and RS .

Hence PQ || RS

ExampLe-10.  In the given figure, AB||CD and CD| EF, Also EA | AB. If
/BEF = 55°, find the value of x,y and z.

Sorution :  Given AB||CD and CD ||EF Hence AB | EF.Inthe Fig.34 BEis
extended to a point G .

Now, /DEF + /FEG =180° (Linear pair)
55°+/FEG =180° (- ZDEF =55°)
ZFEG =125°
Thus ZFEG =y =x=125°

(Corresponding angles)

Again /CED + /DEF = 90°

y
(--EA 1 ABand AB||EF) B9x/

Thus z+55°=90°
z=35° v
Hence x =125°, y=125°, z=35°

D. 55°




E
Inthe given figure AB||CD and EF is v>\G »D
a transversal which intersects these line
at Hand G. Find the value of x and y. N 3x

A< »B
y
E E
/ /7/ F
X
y >0 2+

/ﬁo
; \
X

>
A
“»\

(ii) (iif)

A< > B
2. In the given figure, if AB||CD, and CD || EF .
Further y: z=3:7 then find the value of x . c< Y »D
4
At G g 3 In the adjoining figure if AB || \T\ >E
CD, EFL CD and ZGED =
126° then find measures of ZAGE, ZGEF, and ZFGE .
4. In the given figure, if
< E—| b PQJ|ST, ZPQR =110 s T
and /RST =130° thenthe Q e
measure of ZQRS. 130-
(Hint— Constructa line || to ST passing through R) R
5. In the adjoining figure, if ABJ|CD, ZAPQ=50° and
P
A 50" B /PRD =127° then find value of x
and . n D,
b L
C 127; 6. Find value of x and y.
Q R

(Given ¢ [l m,nll p)
80° J




7.

8.

9.

10.
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Find the values of x and y in the given figures here AB || CD % |

<
w
%
(g
=
O
[N
N
3""\\
(v}
Z\
O
>
<
A 4
3
@y
@®

A C
105° 65°/
(3x+6)° >, [
E F E F c D
(ii) (iii) (iv)
In the following figures AB || CD, find the value ofx. B
35° >
A = B AcT—> B E s
104° 35 \ e
Y
X (e
116° o A
> 65
C > D c = D C
(i) (ii) (iii)
Complete the following table :
S.N.[ Name of triangle Measure of angles | Speciality and other properties
1. | Acute angled triangle
2. One angle 90°
3. |Obtuse angled triangle
4. Each angle 60°
5. Two sides are equal
6. | Scalene triangle

In the given figure PQ and RS are two mirrors kept parallel toeach  p

B
< »Q
other. Incidental ray AR, strikes mirror PQ at B and reflects back
along BC which strikes mirror RS at C and is reflected along
CD. Show that AB||CD

(Hind : Perpendicular to parallel lines are parallel to each other) R s
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To Prove Mathematical Statement

We have proved using a protractor and paper cutting activity that sum of the internal angles
ofatriangle is 180°. Now we will prove this statement using parallel lines and related

postulates and theorems.
A Theorem—2 : The sum of the internal angles of a triangle is 180°.
Proof :  Given A ABCwithangle /1, /2 and /3 .
We have to provethat /1 + /2 4+ /3 =180° |
To prove this draw a line PQ parallel to BC passing through A. (Fig.35(ii))
Now lines BC and PQ are parallel to each other. AB and AC are trans-
Fig. 35 (i)

versals. It is clear from the figure that /4, /2, and /5, /3 arealternate
pairs of angles. Hence

hence /4— /2 .. (1)
/5=/3 .. 2)
But PAQ is a straight line, hence
LA+ /1+£5=180° - (3)

Replacing valuesof /4 and /5 from equations (1)and (2)in(3), We get
22+ 21+ /23 =180°
Or A1+ 22+ /3=180°

Hence, we can say that sum of interior angle of a triangle is 180°.
Fig. 35 (ii)

Think and Discuss

Are the following statements true or false. Give reasons.

S.No. Statement True/False | Reason

1. | Atriangle can have two right angles

2. | Atriangle can have two obtuse angles

3. | Two angle of a triangle can be acute angles

4. | A triangle can have all angles measuring less than 60°

5. | A triangle can be have all angles measuring more than 60°

6. | A triangle can have all angles that are exactly 60° .
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The Exterior Angles of a Triangle
In the given figure is a AABC whose side BC when extended to C
forms an exterior angle /4 CD 1
By the linear pair axiom we can say

/34 /4=180° .. (1)

In A ABC, the sum of three interior angles is 180° B
Fig. 36

Hence /14 /2 + /3 =180° --(2)

From equaction (1) and (2) we get,
A4+224+/3=/34+/4

or A+/2=/4

This result can be written as the following theorem :

Theorem—3 : If the side of a triangle is extended, the exterior angle so formed is
equal to the sum of the interior opposite angles.

This is known as the exterior angle theorem. It is also clear from this theorem that
the exterior angle is greater than each of the interior opposite angles.

Statement-1 : Prove that the sum of the four interior angle of a quadrilateral ABC is 360°
SoruTioN : Given that quadrilaterals ABCD has four interior angles £ A4, /B, ZC and /) -

We have to prove

LA+ B+ /ZC+ 4D =360°

As shown in the Fig.37 join A to C dividing the quadrilateral into two triangle
AADC and AABC -

By the angle sum property in A4BC.

L1+ 26+ 24 =180° ...(1) g

Similarly by angle sum property in A4DC. -

L2425+ £3=180° . @ 2 -7

(4]

Adding equations (1) and (2) we get, A Fig. 37
A+246+ 24+ 22+ 5+ /3 =360°

of (L1422 + (L34 L4)+ /5+ /6= 360°

or LA+ ZLC+ 42D+ £B =360°

Thatis /A+ /B +/C+ /D = 360°
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182°

Fig. 38

From the above example it is clear that you can find the sum of interior angle of any

-

polygon by dividing it into triangles. For example :

Name of polygon Number of triangles Sum of interior angle
Quadrilateral 2 2 x 180" = 360°
Pentagon 3 3% 180° = 540°
Hexagon 4 |
Octagon | e |

We can now say that an 7 sides polygon can be divided into n-2 triangles with

common vertices, so the sum of the interior angles of a polygon with » sides
=m-2)x 180°

ExampLE-11.

SOLUTION :

ExampLE-12.
value of'the following—
o ®  z4PB @  ZAQR
SOLUTION :
10074, hence by exterior angle theorem,
/BAQ = /ABP+ /APB
= 142°=100°+~ZAPB
R
= /APB =142°—-100°

2x+1)°+Bx+6)°+
=9x—9=180°
=9x=189°
=x=21I°

Hence (2x+1)=(2
Bx+6)=(3

(4x—16)° =180°

X 21°+1) = 43°
x 21°+6) = 69°

(4x—16) = (4x21°—16) = 68°
The angles are therefore 43°, 69° and 68° respectively.

If the three angles of a triangle are (2x+1)°, (3x+6)° and (4x —16)°
respectively, find the measure of each angle.

The sum of interior angles of a triangle is 18(°, hence

In the given figure AB||QR, Z/BAQ =142° and /4BP =100° Find

(i)  ZORP

(1) The side PAof A4pB is extended till Q,

= ZAPB =42°




(ii)

(iif)

ExampLE-13.

SOLUTION :

ExampLE-14.

SOLUTION :

Assume /DAE = p"
/BAE = q°,/DCE = z°and

/ECB =1t°

N

/BAQ + ZAOR = 180°
(Sum of cointerior angles is 180°)

= 142°+/ZAQR = 180°

= ZAQR =180°—142°

— JAQR = 38°

As AB || QR and PR isatransversal, hence

Z/QORP = /ABP (corresponding angles)
. ZORP =100°

Inthe given figureif BE 1. EC, ZEBC =40°, /DAC = 30° findthe

values of x and y.
In AEBC C
90° 4+-40° +x = 180° (By the property sum of interior angles of a triangle)
=130°4+x =180°
=x=50° . (1)
Now in A4ADC
/ADE = /DAC + /ACD (By exterior angle theorem)
= y=30°+x

@

= y=130°450° (from equation (1))
.y =280°

Find the value of x from the given Fig.40

ABCD in the figure is a quadrilateral. Join AC and extend it to E
as shown in Fig.41.



By the exterior angle theorem in AACD
/ZDCE = ZCAD + ZADC

22 =p°+26° .. (1)
Againin AABC
/BCE = /BAC + ZABC
1 =q°+38 . )
Adding equations (1) and (2) we get

ZO +t0=p0+260+q0+380

x=p+q+64° 41 =x
X =46° + 64° ptgq=46°
x=110°

ExampLe-15.  Inthe given figure /4 = 40°. If BO and CO are the respective bisectors
of /B and /( then find the measure of /BOC

SorutioN:  Say /CBO = /ABO = x and /BCO = /ZACO =y
(- - BO isbisector of g and CO is bisector of /(C )
Then , /B=2x,/C=2y
By angle sum property we can say,
LA+ 4B+ /ZC =180°
= 40°42x+2y =180° [.- L4 =40°]
= 2(x+y)=180°—-40°

=x+y=70° .. (1)

Again by angle sum property of ABOC .
x+/ZBOC + y =180°

= /BOC =180°—(x+ y)

= /BOC =180°—70° (From equation (1))

5. ZBOC=110°
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ExampLe-16.  Inthe given figure, the sides AB and AC of AABC are extended to E and
D respectively. If the bisectores of ZCBE and ZBCD , thatis BO and

1
CO respectively meet in point O, then prove that /BOC=90° ) /ZBAC

Sorution :  RayBO bisects /CBE , hence

1 A
/ZCBO = EACBE

1

= (180°—y) : c

oo Y

=000—2 L. (1) E 0 D
Fig. 43

Similarly CO bisects /BCD ,

hence Z£BCO = %ZBCD

1 z
—(180°—z) =90°—=
2( z) > 2)

Nowin ABOC, by angle sum property,
/BOC + /BCO+/CBO=180° .. ©)
Substituting (1) and (2) in (3) , we get

430C+90°—§+90°—%= 180°

= /BOC +180°= 180°+§+%
1
. ZBOC :5(z+y) ..... (4)
Nowin AABC by angle sum property,
x+y+z=180°
y+z=180°~—x .. (5)

Substituting (5) in (4) we get,

/BOC = %(180°—x)



—90°— 2
2

ZBOC =90° —%LBAC

In the adjoining figure if /BAC =34°. /BCE =163° (349
then find measure of ZACB, / ABC and /DBC . B

v o
D 163

2. Find the value of x and y from the given E
figures:

x-»)
B (o
(ii) (iii) ¢ (iv)

(Hint AD || BC) (Hint AB || CD, BC || DE) (Hint AB||CD)

In the given figure AS || BT . /4 = /5 and SB is an angle bisector
of /AST ,Findthe value of /1.

4. In the given figure, the side QP S

and RQ ofthe APQOR are extended
to points S and T respectively. If

/SPR =135° and ZPQT =110°, find the
measure of /PRQ .

p{)135°

110;

o
=



‘ STRAIGHT LINE 8 ANGLE

5. Inthe given figure /ZXY = 62° and /XYZ = 54°.1f YO of ZO
are the bisectors of ,yyz and /xzy respectivelyin AXyZ,
find value of /OQzYy and /YOZ .

A 35° » » B

6. In the given figure AB| DE,
£
/BAC =35° and /CDE =53° find Y

the measure of /DCE .
P
7. Inthe given figure lines PQ 95°
and RS intersect at a point T. a0 3
If /PRT = 40°, /RPT =95° and N T 75°
/TSQ = 75°, find value of /SQT
y y :
'ﬁ; 8. In the figure, 4B 1 AC ., and
AB||CD, if /CBD = 28°. /BDE = 65°, find the values of
xand y
X
65°
c D >E . . E
9. Inthe adjoining figure the side BC of A
AABC is extended upto D. If the bisectores of
/ABC and / 4CD meetinapoint £ then prove that
1
/BEC = EZBAC B / D

(Hint— Angle sum of A4BC = Angles sumof ABECand /ACD = /BAC +
/ABC)

What Have We Learnt
1. If aray stands on a straight line, the sum of the two adjacent angles so formed is
180° and these are known as a linear pair.
2. If the sum of two adjacent angles is 180° , then the sides which are not common,

form a straight line.

(The above two axioms together are known as the linear pair axiom)
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The vertically opposite angles formed by two intersecting lines are equal.

Ifa transversal cuts two parallel lines, then —

Q)] Each pair of corresponding angles are equal

(1) Each pair of alternate interior angles are equal.

@)  Each pair of cointerior angles on one side of the transversal are
supplementary.

Two lines are parallel if the transversal which intersects is such that-

Q)] One pair of corresponding angles is equal or

(i1) One pair of alternate interior angles is equal or

(iii) One pair of cointerior angles on one side of the transversal is supplementary.
Those lines which are parallel to the same line, are parallel to each other.
The sum of the interior angles of a triangle is 180°.

Ifany one side of a triangle is extended, the exterior angle so formed is equal to the
sum of the interior opposite angles.




What is Congruency?

See the triangles in Fig.1. Are they of same
measure? If you put one triangle on the other, do
they cover each other? In this figure we can see A
that they are not same, as the sides of the triangle
are not same.

How can we know whether two shapes B D

cover each other completely or not? In the given Fig. 1

triangles it will only happen when point A falls on point D, point B on point E and point C
falls on point F and that is only possible if all the sides and angles of one triangle are equal to
the other. That means the two triangles are congruent.

Congruence means that all parts are equal. Those shapes, in which all their parts are
equal will cover each other completely.

In reference to triangles it means all sides and angles of one triangle are equal to the
corresponding side and angle of the other triangle. Similarly we can also check congruency
in quadrilaterals and pentagons. But is it necessary to check the equality of all parts when
two figures are congruent ? Or is there some special curcumstances when we can see some
parts of those figures and comment on the congruency?

Circle, Square and Rectangle

A Square has four sides and four angles and each of its side is equal and every
angle is 90°. If the side of two squares are equal, we can say that both are congruent,
and they would cover each other completely.

But if one side of a rectangle is equal to the corresponding side of an other

rectangle, will they be congruent? Obviously it won't be so. When the two adjacent
sides of one rectangle is equal to the corresponding sides of the other rectangle only
then will they congruent. Now think when we can say the two circles are congruent?

Just by equality of the radii of those circles, we can say that they are congruent.

Fig. 2




D cs R Precisely we can say-

1. Two squares ABCD and PQRS are congruent if AB = PQ.

A B P Q
Fig. 3
“ 2. Two circles are congruent A 8
if their radii are equal thatis OA = O,B.
Fig. 4
¢ R 3. Inthis way two rectangles are congruent. If there corre-
sponding adjucent sides are equal thatis AB=PQ, AD =
PS. Like wise in triangles, can we finds some conditions
A B Q for the congruency? In this chapter we will investigate about
Fig. 5§ .. .
this in detail.
Congruency of triangle
In geometry, triangle is a closed figure which is made by the least number of line segments.
All the polygons are made up of triangles, that is why triangle congruency helps in
checking the congruency of polygons.
We know that the triangles are congruent if their corresponding sides and angles are
equal .
Corresponding Part of a Triangle
Look the triangles ABC and PQR, if we consider sides AB and PQ to be corresponding
sides then the remaining corresponding parts of the triangles are as given in the table below.
P
Corresponding sides | Corresponding Angle Vertex
AB < PQ LA /P AoP
BC < QR ZB > ZQ B+ Q
B cQ R AC < PR ZC > /R CoR
Fig. 6

<> sign indicates correspondancy and = sign relates to congruency.

Iftwo triangles AABC and APQR are congruent. That is AABC = APQR, than
AB=PQ,BC=QR,AC=PR, LA=/P, /B=£Q, LC= 4R

We can also write ABCA = AQRP or ACAB = ARPQ.



We know that AABC and ABCA or ACAB all are same.
We can write ABCA congruent to AQRP. But we shouldn't write-
AABC = ARQP or ABCA = ARPQ (why?)

In triangles congruency it is necessary to write angle and vertices in the correct
sequence. An abbreviation for corresponding parts of congruent triangles is CPCT.

How to check triangle congruency

Is it necessary to show the equality of all parts of a triangle when looking for

congruency in triangles? Let us try to find conditions for triangles congruency mathematically.

@

(ii)

G

Side-angle-side congruency (SAS congruency)- "Two triangles are congruent if
two sides and the included angle of one triangle are equal to the two sides and the
included angle of the other triangle".

Angle-side-angle congruency (ASA congruency)- "Two triangles are congru-
ent if two angles and the included side of the one are equal to the two angles and
the included side of the other.

Side-side-side congruency (SSS congruency)- Two triangles are said to be
congruent if three sides of one triangles are equal to the three sides of the other
triangles.

These three self evident postulate , can be used to identify the congruence of
triangles, and on the basis of these tests we can find new tests to check for congruency
of triangles. Butidentification is only possible if we can prove these like the theorems.

Axiom, PosTuLATE AND THEOREM

While learning mathematics we come across words like Axioms, postulates, theorem, corollary.
Let us understand these words in brief-

Axiom and Postulate : Both are self evident, based on this we make new statements and prove
them. In general, logical self evident statements are used in all subjects. We call them Axioms.
Like in euclidian geometry some axioms are (i) if a is equal to b, and a also equals c, then b is

equal to c. (2) Whole is bigger than its part. Like wise we can take some others axioms.

Postulate : Those self evident truths which are related to some specific subjects are know as
postulates. Often axioms and postulates are treated as synonyms. Some geometrical postulates
are- A straight line can be drawn using two given points and the points will be on this line. Or any
line segment can be extended on either side to form a line.



Theorem and corollary : All those mathematical statements which are logically proved by using

axioms, postulate and definitions are called theoremes. Like the sum of interior angles of a triangle

is 180°

On the basis of theorems, axioms and postulate some more theorems can be proved,

these are called corollaries. In geometry there is no clear distinction between corollary and theo-
rems. They often used one instead of the other.

@iv)

Angle-angle-side congruence (AAS congruence theorem):

Theorem-10.1 : Two triangles are congruent if any two pairs of angles and one pair

of corresponding sides are equal.
D Given ZA=/D, ZC=/F

and BC =EF
Two angles is in triangle AABC and ADEF are equal
# F

so the third angle is also equal.

+ ZA = /D and ZC = ZF (given)

.. ZB = ZE (sum of interior angles of a triangle is 180°)

Because side g lies in between /B and ZC,

We can use ASA congruence rule to prove that AABC and ADEF are

congruent.

)

Therefore AABC = ADEF (ASA congruency)
Right angle hypotenuse side theorem:

Theorem-10.2 : Two triangles are congruent if the hypotenuse and one side of one
triangle are respectively equal to the hypotenuse and corresponding side of the

other.

Fig. 8

F

Given in triangle AABC and ADEF
/B =/E=90°, AC=DF and BC=EF
We have to prove that AABC = ADEF,
Produce DE to P so that EP=AB, join PF.
.. AABC = APEF (by S.A.S.)
L LA=/P .. (1) CPCT

AC=PF ..2) CPCT.
But AC=DF given.

.. DF=PFand £D = /P ... (3) (Angles opposite to equal sides of ADPF are equal)



From (1) and (3)
ZA=/D N
Now again in AABC and ADEF
BC =EF, AC = DF (known) >t\
ZACB = /DFE ; ! F
.. AABC = ADEF (SAS Congruency)
P Fig. 9

THEOREMS AND SELF PROOFS

There are few statements in geometry, where it is not sure, whether they be considered as
theorem or postulates. To prove theorem in a simple way and understand logical relationships in
Geometry, we can select postulates in different ways. In some books AAS and ASA are taken as
postulate to prove the theorem SSS. While in some others, AAS is taken as a postulate to prove
the theorem ASA.

In this textbook we will consider ASA, SAS and SSS as postulates (self proved) and AAS, RHS
as theorems.

Solution of the problems can be demonstrated in different ways. Some are
shown below:-

ExampLe-1.  Inthis example we use SAS condition to know more about this given figure.
In figure OA =OD and OB = OC.

A C
Prove that
1. AAOB = ADOC
2. AB || CD 0
Sorution : 1. Intriangle AAOB and ADOC-
OA=0D given ....(1) B Fig. 10 D
ZAOB = /ZDOC (vertically opposite angles are equal) ....(1)
OB =0C given ... 3)
Equation (1), (2) and (3) fulfill all the three conditions for congruence.
Therefore by SAS rule of congruency we have proved
AAOB = ADOC
2. The corresponding parts of the congruent triangles AAOB and ADOC are
also equal.

Therefore Z/OBA = Z0OCD. Because they are the alternate angles between AB
and CD line segment. Hence in this example AB || CD.



ExampLE-2.

C

P
Fig. 11

Ifin triangle AABC, AP =PB and CP L AB. Then prove that-
1. ACPA = ACPB

2. AC=BC
Sorution : 1. In ACPA and ACPB
AP=PB (given).....(1)
ZAPC = ZBPC =90° (given) .....(2)
CP=CP (commonsside) ...(3)

Therefore by SAS congruence ACPA= ACPB

2. ACPA = ACPB so AC =BC (Corresponding parts of Congruent Triangle)

ExampLE-3.

SOLUTION :

//AI\\
B 5 c

Fig. 12

ExampLE-4.

Angles opposite to equal sides of a triangle are equal.
If we have a triangle AABC in which AB=AC
Construct a bisector of ZA, which meets BC in point D.

In AABD and AACD

AB=AC (given)
/BAD=/ZCAD (by construction)
AD=AD (common)

.. AABD= AACD  (SAS congruence)
/B=/C (C.PC.T)

If BD ,1s a bisector of ZABC, and AB = BC then with the help of SAS

congruency prove that AABD = ACBD

SOLUTION :

P

< Fig. 13

Statement Reason
AB=BC given
BD is bisector of ZABC given
ZABD=ZCBD By definition of angle bisector
BD=BD common side
AABD = ACBD by SAS congruence




ExamvpLe-5.  Infigure AC=BC, and ZDCA= ZECB and ZDBC = ZEAC
Prove that- ADBC = AEAC in which DC=EC

Sorution: - AC=BC (given)

D. E
.. Cis the mid point of AB
/DCA=ZECB (given)
A c R

add ZDCE on both side - i
/DCA + /DCE = ZECB + ZDCE
= /ACE=/BCD

Fig. 14

/DBC=ZEAC (given)
.. ADBC= AEAC  (byASA congruence)

ExampLE-6.  Ray AZ bisects angle A, and B is any pointonray AZ. BPand BQ are
perpendiculars from B to the arms of angle A. Show that-

1. AAPB= AAQB

2. BP =BQ that means point B is equidistant from the sides forming
angle A.

SorLution :  Given AZ is bisector of ZQAP Y
ZQAB = /PAB R Z
/Q=/P=90° B

A Q »X

1. Now in AAPB=AAQB Fig. 15

AB=AB (common)

ZAPB=ZAQB=90° (given)

Z/PAB=ZQAB

.. AAPB = AAQB (by AAS congruence)
2. -+ AAPB = AAQB

BP=BQ (- corresponding parts are equal)

Hence, perpendicular distance of B from AP = perpendicular distance of B from
AQ . Therefore, point B is equidistant from ZA.



hypotenuse AB. Join C to Mand extenditto D such that DM =CM.
Jion Point D to B. Show that M

1. AAMC = ABMD 2. CM =" AB
3. ADBC = AACB 4. ZDBC=90° B

In aright angle triangle AABC. ZC is right angle, M mid pointof ~ p A
C

ExamvpLe-7.  Given GE is a bisector of Z/DGF and ZDEF. D

Prove that- AGDE = AGFE
SOLUTION : G E
GE is bisector of N _DGE = /FGE < Fig. 16
ZDGF
Given By definition of
Bisector

AGDE
GE bisector of N
—> Z/DEG = ZFEG —> =
Z/DEF AGFE
) By definition of
given Bisector
ASA
congruence
GE=GE

Common side

ExavprLe-8.  Inatriangle XYZ of £Y = ZZ and XP is a bisector of £X, than prove that
P is the midpointof YZand XP L YZ

SOLUTION : In AXYP and AXZP
=17 (given)

LYXP=/7ZXP (XP 1s angle bisector)
XP=XP (Common side)
AXPY = AXZP (AAS congruence)

; - YP=PZ (by CPCT)

Fig. 17 Hence P is the mid point of YZ




LYPX=/7PX (by CPCT)
ZLYPX + £7ZPX =180° (linear pair)
ZYPX + ZYPX =180° (- LYPX = £ZPX)
ZYPX=90°=/7ZPX
XPLYZ

y Try This

Prove that the two triangles made by the diagonal of parallelogram are always congruent

to each other.
‘ Exercise - 10.1

A € 1. Inafigure if OA = OD and OB = OC then which of the given

statements is true- Q 5
(¢] a) AAOC = ABDO

b) AAOC = ADOB

B D c) ACAO = ABOD

2. See the given figure of AABC and APQR and tell

which statement is true-

a) AABC = APQR
b) AABC = AQPR
c) AABC = APRQ

3cm

From the following which is not the condition for congruence.
a) SSS b) SAS c) AAA

Besides equivalance of two corresponding angle, which least element is necessary
to state that the given two triangles are congruent.

(a) No corresponding side is equal

(b) Atleast one corresponding side is equal.

() Third corresponding angle is equal

In the figure /B = ZC, BD and CD are the bisector of them. Then AB : AC A
will be-
a)

b)

¢)

—_— W N
—_ N =




6. See the triangle pairs and state which condition of congruence applies to which pair.

I~ X <

(i) (i) (iii)

C R C R
AQB P/A\\Q AﬁB 1;; SQ
(v)

(iv)

7. If AABC= APQR,AC=3x+2,PR=6x—13 and BC = 5x then find the value

of QR.

8. With the help of the given points, find the distance
between A and B, also give reason to your
statement.

®
O
(@)

(@]

160 m

[w)

9. For arunning competition there is a special arrangment made for two teams.

- One team runs from A to B and then from B to C and returns to the starting
point A. While the other team starts from C and via D to B and then B to the
point C again. If AR || cD and ZA = 2D =90°, then the length of the travel

c [ b done by the teams are equal. Also explain your answer.
y/ q
10.  /and m are parallel lines, which have . A /’ D /’ o
been intersected by the parallel linesp < s
and g. Show AABC = ACDA (write B R
in flow-chart way). < C "
] answer in flow-chart way) / /

11. Inafigure AC=AE,AB=ADand ZBAD=ZEAC. Then show
that BC=DE.



Property of Isosceles Triangle

So far we have studied about the rules of congruency in triangles. Let us apply these rules to
know some more characteristics of triangles.

A triangles which has two equal sides is called an isosceles triangle. Let us understand
some characteristics of isosceles triangles.

y Try This

Construct a triangle which has two sides of measure 4.5 cm and another side is of 6 cm.

Measure the angles opposite each side, are they equal. You will find, angle opposite
to equal sides are equal.

Make some more isosceles triangles with different sides, which shows this important
characteristic of isosceles triangle.

Theorem-10.3 : Any triangle which has equal sides will have equal angles opposite
to these.

Letus prove this mathematical statement.

We have taken isosceles triangle ABC

Which has sidesAB=AC

We have to prove that /B= ZC

For this we draw angle bisector of ZA which meet to side BC at point D.

After angle bisector we can see two triangles A
In- ABAD and ACAD
AB=AC (given) i
Z/BAD= ZCAD (by construction) i
AD=AD (common side) B Fig[l.) 18 ¢

Therefore, ABAD =ACAD (side-angle-side congruency law)
- /B = ZC (by CPCT)
Therefore this statement is true for every isosceles triangle. Now let us

consider its converse and think about it.

Theorem-10.4 : (Converse of theorem-10.3) If two angles of a triange are equal,
then the sides opposite to these must be equal.



ExampLe-9. Inaisosceles triangle ABC, AB =AC. The angle bisectors of /B
and ZC and intersect at point O. Show that-

I. OB=0C 2. AO bisects angle A
Sorution :  AABC

Statement Reason

Fig. 19

(¢

AB=AC given

- ZLC=/B angles opposite to equal sides are equal
L /AB="%ZC
Z0CB= ZOBC | bisector

OB =0C sides opposite to equal angles are equal

2. In AABO and AACO

Statement Reason

AB=AC given

OB =0C already proved

Z0BA=/Z0CA - hLC=Y%/B

. AABO = AACO | by SAS congruency
= Z0AB=Z0AC| CPC.T

Therefore AO bisect angle A.

ExampLe-10. ABC s anisosceles triangle in which altitudes BE and CF are
drawn to equal sides AC and AB respectively. Show that these attitudes are equal.

SOLUTION : Given, InAABC, AB and AC are equal.
We have to prove that altitude BE = CF

Fig. 20

1. From the given reasons select the appropriate reason for each statement.

Angle opposite to equal sides are equal Each angle is of 90°

Common side Given

By ASA congruence Corresponding part of

congruent triangles are equal




Statement Reason
AB=AC
ZACB=ZABC
/BFC=Z/BEC
BC=BC
/BEC=ZCFB
~.ABEC = ACFB
BF =CF
Exawmpre-11.  Ina given figure M is amid point of AB. CA = CB then prove K
that AACM = ABCM.
Sorution @ Given- M, is a mid point of AB and CA=CB T
We have to prove that AACM = ABCM.
M, is a mid ) t _M t
point of AB — AM=BM e 21
given By defination of mid

point

\ 4

CM=CM

Common side

CA=CB

given

ExampLe-12.  Given ZO= /P =90°, MN = Q_R, OM = 1?)
Prove that AMOR = AQPN

AACM

~

ABCM

by SSS congruence

SOLUTION :

Statement Reason

£0=/P=90° given

OM =PQ OM = PQ (given)

MN = QR MN = QR (given)

MN+NR = QR+NR adding NR in both the sides
MR =NQ by figure

AMOR = AQPN by RHS congruence theorem

Fig. 22




1. In a given isosceles triangle find the value ofx.

AP

2. BC=z= AC (given) and £1 = 140° then find the measurement of
angle /2, /3 and Z4.

\/

¢ f B 62°Y \*°

3. In the given figure find the value ofx.

\ 4

_ Exercise - 10.2 k A

In the given figure AB = AC and ZA = 60° then the 60°

measurement of ZCis -

(1) 35° (i1) 45°

(iii) 60° (iv) 180° B c
2. In the given figure if ZA= /B then AC:BCis- A

o L1 @ 1:2

@) 2:1

(iv) None of these

@®
(@]

3. In AABC if AB=AC and ZB =50° then find the measurement of ZA.
@  50° @) 180° @) 100° @iv) 80°
4. In triangle AABC if ZC = ZA and AB=4 cm, AC= 5 cm then BC would be-

1 2cm. (i) 3cm. (i) 4cm. (iv) 9cm.



5. In the given figure £B =55°.If D is a mid point of BC and AB=AC.
Then the measurement of Z/BAD is-

Qi 70° G — 55°

@)  35° (iv)  180° 55°
6. For the given hexagon find the value of x. ) ;
‘l 7. In an isosceles triangle ABC, AB = BC with base AC and A
B

c/>
D)

ZA=2x+8, /B =4x-20 then find the value of x and also

verify whether this triangle is acute, obtuse or aright angle
£ triangle.
A B H
8. In the given figure AB || ED, CA || FD and BC =EF prove
D that AABC = ADEF.
C
A
9. ABCD is a quadrilateral in which AD =BC b
and ZDAB = ZCBA. Prove that-
A

>

N

1. AABD = ABAC B
2. BD=AC
3. ZABD=Z/BAC

5

10. If AB=DF, AC=DE, BE =FC then prove that
AABC = ADFE

Application of Congruency

Two figures of same shape and size are congruent. There are some conditions under which
the given two triangles can be called congruent. Like side-side-side equality, angle-side-
angle equality etc. Here we shall see the relationship of congruency of a figure and its area.

Will the Area of the Congruent

Figures be Equal?

Look at the triangles ABC and PQR drawn on the graph paper.

Are they congruent? Which congruence conditions do they

satisfy?




In A ABC and APQR-
/ZB=2/Q=90°,AC=PR and BC=QR
That means by RHS congruency theorem AABC and APQR are congruent.

Now we will find the area of these triangles.

In AABC, BC =3 cm and AC =5 cm.

Then, AB=/(AC)’—(BC) =,/(5)° —(3)’ =16 =4 (why?)

. AB=4cm.

1
Therefore, the area of AABC = 5 x 3 x4=6cm?
Likewise in APQR, PQ=4 cm
Then, the areca of APQR is 6 cm?
.. Area of AABC =Area of APQR

Make some more triangles congruent to AABC and APQR. Are they all are equal
inarea?

You will find that all the congruent triangles have the same area.

Now, Look at Fig.23.
X Area of ASUV and AXYZ is 15 cm? (How?)

|
g | Are ASUV and AXYZ congruent? These two triangles are not
sl .
© ;i congruent because they are not of same shape and size.
U 5an VY S om Z  Make triangles with area of 15 ¢m? and test their congruency.

We can say that if two figures are congruent then their area must be equal. But if
the area of two figures is the same they may and may not be congruent.

This characteristic is not limited to triangles only but we can also see this in other
geometrical shapes like circle, quadrilateral, pentagon etc.

This charateristic of congruent figures can be used in finding the area of different
figures in different contexts. Now we will consider some situations where we use this char-

acteristic to find some new information or some new relationships.



Figures on the Same Base & between Same Parallels

See the figures given below :

A D
(i) (i) (iii)
Fig. 25

You can see that in figure (i), AABC and ADBC have the same common base BC.
In figure (ii) quadrilateral EFGH and AIGH have the common base GH. Likewise in figure
(iii) trapezium MNOP and parallelogram QROP have a common base OP. Now if we
construct in figure (1), (it) and (iii) we find some new situations.

(ii) (i)
Fig. 26

After the construction we see that in figure (i) AD || BC AABC and ADBC are on
the same base and in between same parallel lines AD and BC. Likewise EFGH and GHI
are on the same base GH and in between same parallel lines EI and GH. In figure (iii)
Trapezium MNOP and parallelogram OPQR are on the same base OP and in between
same parallel lines NQ and OP.

A TyTe I

Find the figures which are situated on the same base and in between the same parallel
lines?

A B A P B p Q P A B _ qafk
P T
D C
D c S R ST D C R




Area of the Figures which are on the Same Base and
between Same Parallel Lines.

Now we will see the relationship between the area of those figures which are on the same
base and between same parallel lines.

Suppose two parallelograms ABRS and PQRS are on the base SR and in between
same parallel line AQ and SR.

P B Q In AAPS and ABQR, AS||BR and AQ is transversal.

ZSAP= ZRBQ (corresponding angle)

and PQ)||SR and AQ is transversal

S R ZSPA= ZRQB (corresponding angle)
Fig. 27

and AS=BR (- ABRSis parallelogram)

..ASPA >~ ARQB

therefore, area of ASPA = area of ARQB
So, area of ABRS = area of AAPS + area of trapezium PBRS (why?)
Area of parallelogram PQRS = area of ABQR + area of trapezium PBRS
Area of parallelogram ABRS = area of parallelogram PQRS

Clearly the area of parallelograms which are on the same base and in between the
same parallel lines is equal.

So, parallelograms which are drawn on same base and lie between same parallel lines have
an equal area. This is clearly a theorem which can be written as follows:

Theorem-10.5 : Prallelograms which are on the same base and between the same
parallels have an equal area.

ExamrLe-13.  PQRS is a parallelogram and PQTV is a rectangle. SU is a perpendicular
on PQ.

Prove that (i) area of PQRS =area of PQTV
(i1) area of PQRS =PQ x SU

SorutioN : (i) Rectangle is also a parallelogram, and we have to prove that area
of parallelogram PQRS =area of rectangle PQTV.



Can we prove this through the help of Fig.27?

Yes, we can see in the figure that parallelogram PQRS and rectangle PQTV are on
the same base PQ and these two figures lie between parallel lines PQ and VR.

We already know that the area of the parallelograms which are on the :
same base and between the same parallels are equal to one another, therefore,
area of parallelogram PQRS =area of rectangle PQTV
(1) area of PQRS =area of PQTV P J
PO xTO Fig. 28

=PQ x SU (SU is a perpendicular on PQ , so SU=TQ why?)
Therefore, area of PQRS =PQ x SU

So, the area of a parallelogram is the product of any parallel side to the height with
reference to these parallel lines.

Exampre-14.  Iftriangle ABC and parallelogram ABEF are on the same base AB and in
between parallel lines AB and EF, then prove that-

1
area of AABC = o x area of parallelogram ABEF

SoruTioN @ According to the question construct AABC and parallelo-

gram ABEF on the same base AB and in between parallel lines AB and EF.

1
Area of AABC = o x area of parallelogram ABEEF to prove this

A

Fig. 29

Construct BH parallel to AC which intersect FE extended in H.

Through construction we get parallelogram ABHC. BC is a diagonal which
divides it into two triangles AABC and ABCH.

area of -, AABC =area of ABCH (why?)
You know that diagonal of parallelogram divides it into two congruent triangles.
therefore, area of parallelogram ABHC = area of AABC + area of ABCH
area of parallelogram ABHC = area of AABC +area of AABC
area of parallelogram ABHC =2 area of AABC

1
or 5 x area of parallelogram ABHC = area of AABC



Here area of ABHC = area of ABEF (why?)

(Because ABHC and ABEF are on the same base and lie between same parallel
lines)

1
therefore, area of triangle AABC = o x area of ABEF

Triangles on the Same Base and lying between Same
parallelLines
Let there be two triangle ABC and DBC on the same base BC and between paral-
lel lines AD and BC.

Now we construct CE||BA and BF||CD so we get parallelograms AECB and FDCB
on the same base BC and between parallel lines BC and EF.

Where the area of AECB = area of FDCB (why?)

1
area of AABC = - x area of AECB............. (1)

'.:_ A..D .,E (diagonal of parallelogram divides it into two congruent triangle)

1
and area of ADBC = E % area of FDCB

C
(ii) (- areaof AECB =area of FDCB)
Fig. 30

1
area of ADBC = 5 x area of AECB................ 2)

therefore, from eq. (1) and (2) we can say that-
area of AABC =area of ADBC

It is clear now that triangles which are on the same base and between the same
parallel lines are equal in area. This is a theorem and can be written as-

Theorem-10.6 : Triangles which are on the same base and in between

B Qa same parallel lines are equal in area.

Now we will find the relation of the area of a triangle to its base and
the corresponding height (altitude)

Assume PSR is a triangle, where SR is base and PT its height.
Fig. 31 PT | SR now construct PQ and RQ such that PQ||RS and RQ)||SP so that




we get PQRS as parallelogram in which area of APSR =area of APQR (why?)

The diagonal divides a parallelogram into two congruent triangles.
Area of parallelogram PQRS = area of APSR+ area of APQR
Area of parallelogram PQRS = area of APSR + area of APSR

Area of APSR = — x arcaof PQRS

N | —

1
_EX SR x PT

Clearly the area of a triangle is half of the products of base and its corresponding
height.

Theorem-10.7 : The area of a triangle is half of the product of its base and its
corresponding height.

We know that triangles on the same base and between same parallels are equal in
area. Now can we say that two triangles with same base and equal areas lie between the
same parallel?

ExampLe-15.  According to the figure XA || YB || ZC. Prove that the
area of (AXBZ) = area of (AAYC).

Sorution :  AXYB and AABY, on the same base YB and between
same parallel lines XA and YB.

. area (AXYB)=area (AABY) ... (1)
Similarly,

AYBZ and ABYC on the same base YB and between same parallel lines YB and
ZC.

.. area of (AYBZ) = area of (ABYC) .....(i1)

Here area of (AXBZ) =area of (AXYB) +area of (AYBZ)

and area of (AAYC) = area of (AAYB) +area of (ABYC)

by adding equation (1) and (ii),

area of (AXYB) + area of (AYBZ) = area of (AABY) +area of (ABYC)
therefore, area of (AXBZ)=area of (AAYC)



InequalitiesinTriangles

We have learnt the relation between triangles based on the equality of sides and angles,
but there are a lot of geometrical shapes which are not same but we still compare them for
example, the length of segment AB is more than segment CD or £A is bigger than /B.

Fig. 33

>
@™
>

We will learn about the relation between unequal sides and the angles of a triangle
through this activity.
Activity- On a drawing board take two points B and C, put a thread using pin on B and C,

now we have a side BC of a triangle.

Put one end of a different thread on C and fix its second end to a pencil. Draw ray CQ.

Mark a point A with a pencil. Join A to B. Now mark another point P on the
same ray. Join P to B, and also Q to B. Now compare the length of PC and
AC.

IsPC>AC? Yes ...... (comparing the length)
Fig. 34 ~C Comparing triangle AABC and APBC ZPBC> ZABC

Likewise if we mark points on CA and keep joining them to B, we will see

o)

that as we increase the length of AC, the measurement of /B also increases.

Do this with different triangles. We can see other important and interesting inequilities
of triangles, some of them are given below in the form of theorems.

Theorem-10.8: Ifin a triangle two sides are unequal then the angle opposite to
the longer side is greater.

Theorem-10.9: Side opposite to greater angle is longer in a triangle.

Theorem-10.10: Sum of lengths of any two sides of a triangle is always greater
then the third side.

We will understand theorem 10.10 through an activity.
Fix nails (A, B and C) on a drawing board such that they make a triangular shape.

Now join these three points by a thread and compare the length of the thread of any
one side of a triangle to the other two side threads together, you will always find the length
of two threads together is always greater then the third thread.



Measure the three sides AB, BC and CA and compare the sum of any two

sides in different group to the third side. You will see that-
@) AB+BC>CA
(i) BC+CA>AB
@) CA+AB>BC

Fig. 35
Similarly we can find more results and prove them in the form of theorems.

Let us some examples based on these theorems.
ExamrLE-16.  Prove that hypotenuse is the longest side of any right angles triangle.

SOLUTION : Givenin AABC

ZB=90° A
We have to prove that AC>AB

and AC>BC

In AABC

ZB=90° (given) C Opg

So LA+ ZC=90° (sum of internal angles of triangle is 180°) Fig. 36

LA+ /ZC= /B

that means /A< /Band ZC< /B

So we can say that /B is the biggest angle of AABC

We know that the side opposite to the biggest angle is the largest side.
Therefore AC>ABand AC>BC

‘ Think and discuss _

AB and CD are respectively the smallest and largest side of a
quadrilateral ABCD. Show that /A> ZC and /B > /D.

D

ExamvpLe-17.  Intriangle ABC prove that- ZABC> ZACB
Construction- Take point D on AC. such that AB=AD, join B to D.



Corollary : InAABD
AB=AD (by construction)
ZABD=/ZADB ... (1) (angle opposite to equal sides)
But ZADB, is a exterior angle of ZBCD
/ZADB>/BCD ... (i1) (by exterior angle theorem)

by equation (i) and (ii)

D

Z/ABD> /BCD
ZABC> ZABD (by construction)

R
D

Fig. 37

_ Try This h

Choose right option.

¢ ZABC>ZACB

From the following given measurement, which make a triangle-

@  10cm, 5cm, 4cm @) 8cm, 6¢cm, 3cm
(i) Scm, 8cm, 3cm @) 14cm, 6¢cm, Tem
In triangle ABC if ZC> /B then which of the following is right-
(1) EF>DF (i) AB>AC
(i) AB<AC (ivy BC>CA
From the following given measurement, by which can you make a triangle-
(1) 35°,45°,95° @) 40°,50°,100°
@) 21°,39°, 120° @iv) 110°,80°,20°
Ifin atriangle ABC, AD is a median, then which of the following statement is false-
i AB+BC>AD (i) AC+BC>AD
(i) AB+BC<AD (ivy AB+BD>DC
In a given figure if AB = AC = BC then which of the following statement is true.
i AD=AC A
(i) AD<AB
@) BC=BD
(ivy AD>AB
D ; (o




ExamvpLe-18.  Ina given figure PR > PQ and PS is a angle bisector of ZQPR, then prove
that ZPSR > ZPSQ.

Sorution :  Because PR > PQ
L L1L> /2 7
inAPQS 1+ 4+ /6=180° ... (1)
inAPRS 22+ /5+/7=180° .. (i)
therefore in these two triangles a 1 6 s7 2 R

Z4=75 L (1ii) (angle bisector of £3) Fig. 38
1> L (iv)

by adding (iii) and (iv)

= LA+ 1> /45+ 22 v)

by equation (i) £1 + £4=180°—- £6

by equation (i1) £5+ £2=180°— L7

by putting value in equation (v)

180° — 26 >180° — /7

— £6>— /7 (by changing side)
or 1> 26

. ZPSR > /PSQ

1. Infigure /B<ZAand ZC<
ZD. Show that AD <BC.

C
2. In a given figure if x>y then prove
R that MP > NP,
3. Inagiven figure PQ>PR and QS and
RS are angle bisectors of ZQ and £R
Q R respectively. Prove that SQ>SR

4. Inagiven figure PQ = PR then prove ¢
that PS > PQ.




Uses of Congruency

Congruency and congruent figures are not only useful in our daily life but this is also seen in

the field of engineering when constructing bridges, buildings and towers.

_ What Have We Learnt k

10.

I1.

12.
13.
14.
15.
16.
17.

Geometrical shapes are congruent if they have the same shape and size.
Circle with the same length of radii are congruent.
Two squares are congruent if they have sides of equal length.

Two triangles are congruent when their corresponding sides and corresponding
angles are equal.

Iftwo sides and the included angle of one triangle are equal to the corresponding
two sides and included angle of the triangle, then the triangles are congruent. (SAS)

Ifany two angles and their included side of triangle are equal to the corresponding two
angles and included side of the other triangle, then the triangles are congruent. (ASA)

If two angles and a non-included side of one triangle are equal to the corresponding
parts of another triangle, then the triangles are congruent.

Angles opposite to equal sides are equal.
Sides opposite to equal angles are equal.

Ifin two triangles, all three sides in one triangle are equal to the corresponding sides
in the other, then the triangles are congruent.

Ifin two right triangles the hypotenuse and one side of one triangle are respectively
equal to the hypotenuse and corresponding side of the other triangle, the triangles
are congruent.

Angle opposite to greater side of a triangle is greater.

Side opposite to greater angle of a triangle is greater.

In a triangle, the sum of any two sides of the triangle is greater than the third side.
Each angle of an equilateral triangle is 60°.

If AABC and APQR are congruent then we write it like AABC = APQR.

We represent the corresponding parts of congruent triangles as CPCT.



Look at the figures given below. Which of them are triangles?

TN

(ii) (iii) (iv)
Fig. 1

A figure formed by joining three non-collinear points is called a triangle. A triangle is
a figure enclosed by three line segments. It has three sides, three angles and three vertices.

What are the other features of a triangle? Discuss.
Look at Fig.2(i-iv). In each of them, four points are joined together.

L K 2
J / QB \

A B C D E F G I ) A C
(i) (ii) (iii) (iv)

H

Fig. 2
In Fig.2(i), all four points lie on the same line (are collinear) so we get a line segment
when we join them. In Fig.2(ii), three of the points are collinear but not the fourth. Here, we
get a triangle when we join the points.

Is a quadrilateral formed in Fig.2(iii) or Fig.2(iv)? It is clear that to form a quadrilateral,
three points out of four have to be non-collinear.

Ifthree out of four points on the same plane are not lying on the same line (i.e. are non-
collinear) then they will form a quadrilateral when we join them together in an order.



Define a quadrilateral based on the properties described so far. Discuss your definition
with your friends.

Find different objects in your school or classroom that have surfaces in the shape of
quadrilaterals. For example, the blackboard, window panes, each page of a book etc.

Many of the objects around us are rectangular. A rectangle is also a quadrilateral.
Why?

Types of Quadrilateral

. We saw that Fig.2(iii) and Fig.2(iv) are quadrilaterals. Let

us draw the diagonals of these quadrilaterals (Fig.3).

We find that both the diagonals in F7g.3(1) lie inside

but in Fig.3(ii), one diagonal lies inside and the other is outside

B the quadrilteral. What is different in the two quadrilaterals?

Allangles of the quadrilteral in which both diagonals

B are inside are less than 180°.

Fig. 3 @ Such quadrilaterals are called

convex quadrilaterals. For
example, quadrilateral PQRS (Fig.4).

A quadrilateral in which one of the angles is more
than 180° will have one diagonal inside and the other
_-Xoutside of it. Such a quadrilateral is called a concave quadrilateral.

In Fig.5 ZBCX = 180°. Therefore, the interior angle Z/BCD of quadrilateral ABCD
D ismore than 180°.

In this chapter, we will only study convex quadrilaterals like those shown in Fig.4.

D C In quadrilateral ABCD, the sides AB and DC are parallel to each
other. It is a trapezium. We can say that a quadrilateral in which only one pair
of'sides is parallel, is a trapezium.

Fig. 6
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y Try This [N

Look at the figures given below. Which of them are not trapeziums? Give reasons for
each.

- J L

(ii) (iii) (iv) (v)

~ 0 Y ¢

(vi) (vii) (viii) (ix)

Parallelogram

We know that if one pair of opposite sides of a quadrilateral are parallel then it is called a
trapezium. If both pairs of opposite sides of a quadrilateral are parallel then it is called a

parallelogram. c Fig. 7

Rhombus

D B
When all sides of a parallelogram are equal it is called a rhombus.
A
Fig. 8
‘ Think and Discuss
1. You have read about many types of quadrilaterals (trapezium, rhombus, square

etc.). Identify which of them are parallelograms.

2. Are all parallelograms also trapeziums? Discuss.

Now draw a square and a rectangle. Are they examples of parallelograms? Yes, a
square is a special type of parallelogram and each of its interior angle measures 90°.



Try This k

Is arectangle also a square?

Try to draw a parallelogram where three of the angles are right angles but which is
not arectangle. Is such a parallelogram possible? Discuss.

Suppose all sides of a rectangle are equal. Then, what will be? Such a rectangle is

asquare (F£ig.9).
1 Is a square a rectangle? (1) Are squares parallelograms?
b B (iii) Is a square a rhombus? (iv)  Isarhombusalso a parallelogram?
A Now, we will learn how to prove some properties and theorems related to
Fig. 9 quadrilaterals.
We know that each diagonal of a quadrilateral divides it into two triangles.
D C Assume that ABCD is a quadrilateral and AC is its diagonal. Then, diagonal
AC divides the quadrilateral into two triangles AABC and AADC (Fig.10).
From the angle sum property of triangles we know that the sum of the three
interior angles of a triangle is 180°.
B
InAADC, ZADC+ /DCA + ZCAD=180° .. (1)
A Fig. 10
Similary in AABC, ZABC+ ZBCA+ ZCAB=180° ... (2)

By adding equations (1) and (2)

ZADC + /DCA + ZCAD+/ABC + Z/BCA + ZCAB = 180° + 180°
ZADC + (£DCA + ZBCA) + (£CAD + ZCAB) +ZABC = 360°
ZADC+ ZBCD + ZBAD + ZABC =360°

Therefore, the sum of the four interior angles of quadrilateral ABCD is equal to
360°.

Similarly, the sum of the interior angles of any quadrilateral is equal to 360°.

DI Ty This A

The interior angles of a quadrilateral are in the ratio 3:5:7:9. Find the measure of
each interior angle.

If all the angles of the quadrilateral are equal then what is the measure of each
angle?




N

Take a piece of paper and draw a parallelogram on it. Draw any one
of its diagonals. Take a pair of scissors and first cut out the parallelogram and
then cut along the diagonal as shown in Fig.11. Place the cut parts on each
other. Do they overlap? Turn the cut parts around if needed.

Are the parts overlapping because of some special property of the
parallelogram? Which property is it?

We will now study the properties of a parallelogram and logically
verify them.
Tueorem-11.1: A diagonal of a parallelogram divides it into two congruent triangles.
Proor :  LetABCD be a parallelogram and AC be one of its diagonals (Fig.12).

In parallelogram ABCD,
ABJ|DC and AC is a transveral
/DCA = ZCAB (pair of alternate angles)

Similarly, DA||CB where AC is a transversal

/DAC=/BCA

Now, in AACD and ACAB
/DCA=ZCAB

AC=CA (common side)
/DAC=Z/BCA

Fig. 12

.. AABC = ACDA (by ASA congruency)

That is, diagonal AC divides the parallelogram ABCD into two congruent triangles.
Clearly, a diagonal of a parallelogram divides it into two congruent triangles.

THeorem-11.2 : In a parallelogram, opposite sides are equal.

Proor :  Let ABCD be a parallelogram. Join the vertex A to C. This is diagonal AC.
Diagonal AC divides the quadrilateral ABCD into two triangles ABC and ACD

(Fig.13).
Now, in AABC and AACD

/DAC = ZBCA (alternate interior angles) A
(AD || BO) \
Similarly, by alternate interior angles AN

/DCA = /BAC (AB|DC)

Also AC=CA is acommon side B
Fig. I3



.. AABC Z A CDA (by A-S-A congruency)
Therefore, AD=BC and AB=CD (by C.P.C.T.)

That is, opposite sides of a parallelogram are equal (hence proved).

TueorEM-11.3 (ConvErsE) :  If each pair of opposite sides of a quadrilateral is
equal then it is a parallelogram.

Proor :  Given, quadrilateral ABCD in which AB = CD and BC = AD. Now, draw

diagonal AC (Fig.14).
In AABC and ACDA,
e v, D BC=AD (given)
\\ AB=DC (given)
\\ AC=CA (common side)

AN . AABC = ACDA (by S-S-S congruency)
[ M. Therefore, /BCA=/DAC (by C.PC.T))

and AD|[BC . (1)

where AC is a transversal.

Since ZACD = ZCAB,

because CA is a transversal
therefore, AB|CD . (2)
Therefore, by (1) and (2), ABCD is a parallelogram.

We have seen that each pair of opposite sides of a parallelogram is equal and
conversely, if each pair of opposite sides of a quadrilateral is equal then it will be a

parallelogram.
Now, we will prove such a result for those quadrilaterals in which pairs of opposite

angles are equal.
THeoreEM-11.4: Opposite angles of a parallelogram are equal.
Proor :  Quadrilateral ABCD is a parallelogram (Fig. 15)
inwhichAB || DC
" Line segment AD intersects the parallel lines AB and DC.
ZA+ 2D =180° (interior angles on the same side of the transversal)
and DC intersects the lines AD and BC.



o Quowmas

/D + ZC=180° (interior angles on the same side of the transversal)
therefore, LA+/D=/D+ ~£C
that is, LA=/C

similarly ZB = ZD can also be proven.

It is clear that opposite angles in a parallelogram are equal.

Now, what will happen if opposite angles of a quadrilateral areequal. A B
We will find the logical possibility of such a quadrilateral being a parallelogram. Fig. 15

TueoreM-11.5 (Converse of Theorem-11.4) : If in a quadrilateral each pair of
opposite angles are equal then it is a parallelogram.
Proor :  Inquadrilateral ABCD, ZA=/ZCand £/B= /D (Fig.16) ... (1)
We know that sum of all interior angles of a quadrilateral is 360°.
LA+ /ZB+ ZC+ 4D =360°
LA+ B+ L4+ /B =360 (by-1)
2/4+2/B =360°

v
m

ZA+AB:360

Fig. 16

4A+ZB:4C—|—ZD:360

s /C+«4ZD=180° L 2)
Now, extend DC upto E-
We see that £/C+«BCE=180° ... 3)
Therefore, /BCE=ZADC by equation (2) and (3)
Since, ZBCE = /D and DC is a transversal
therefore, AD || BC
Similarly, AB || DC and so ABCD is a parallelogram

Properties of Diagonals of a Parallelogram

Draw a parallelogram on paper and draw both its diagonals. Cut the
parallelogram into four parts along the diagonals as shown in Fig.17.




‘\\\\ ) % Do the parts appear similar to each other or different from each other?

N, 27

N\ Z . . .

\\\\\ /// We are getting four triangles and they are actually two pairs of congruent

4
/X\\ traingles. Do the diagonals bisect each other?
# 0\
/7// ‘\\\\ Let us check the validity of the statement given in theorem 11.6.
1;/ N\

Fig. 17 Tueorem-11.6 :  Diagonals of a parallelogram bisect each other.

Proor :  ABCDisa parallelogram in which AB=DC and AB || DC
Also AD=BCand AD || BC (Fig.18)
When we join A to C and B to D then AC and BD intersect each other at point O.
In AAOB and ACOD

Z0AB=«0CD L. (1)
(AB || DC and are cut by the transversal AC)
/ZABO=20DC . (2)
(AB || DC and are cut by the transversal BD)
AB=DC

.. AAOB = ACOD  (A-S-A congruency)
. Side AO =0C and BO=0D (by C.P.C.T.)

So, we can say that diagonals of a parallelogram bisect each other.

ExampLe-1.  Prove that if diagonals of a parallelogram are equal then it is a rectangle.
Proor : Let ABCD be a parallelogram in which AC and BD are diagonals
and AC=BD (Fig.19)
Now in AABC and ADCB
AB =DC (opposite sides of a parallelogram)
BC =CB (common side)
AC=BD (given)
AABC = ADCB (S-S-S congruency)
therefore, /ABC=«DCB .. (1)

Since ZABC and ZDCB are situated on the same side of the
transversal BC of parallel lines AB and CD, therefore,




ZABC+«ZDCB=180° .. 2)
by (1) and (2)

ZABC + ZABC = 180°

2 ZABC = 180°

ZABC=90°

thatis, ZDCB =90°
Similarly, we can prove that ZA= ZD.

ZA=/D=90°
therefore, LA=/B=/2C=/D=90°

Hence, parallelogram ABCD is a rectangle.
Clearly, if diagonals of a parallelogram are equal then it is a rectangle.

Hence proved.

y Try This

Similarly, try to prove that if diagonals of a rhombus are equal then it is a square.

ExamvpLe-2.  Ifdiagonals of a parallelogram are perpendicular to each other thenitis a

rhombus.

Proor : Let ABCD be a parallelogram in which diagonals AC and BD are perpendicular
to each other. We need to prove that ABCD is a rhombus (Fig.20).

Now, in AAOD and ACOD y c
AO=CO (diagonals of a parallelogram bisect each other)
ZAOD = ZCOD (each angle is right angle)

OD = 0D (common side)

AAOD = ACOD (SAS congruency)

Therefore, AD=CD (by C.P.C.T.) A Fig. 20 8
Also,AB=CD and AD =BC ("." opposite sides of a parallelogram are equal)

.. AB=BC=CD=AD

Clearly, parallelogram ABCD is a rhombus. Therefore, it can be said that if the
diagonals of a parallelogram are perpendicular to each other then it is arhombus.




Try This A

Can you show that the diagonals of a rhombus are perpendicular to each other?

ExampLe-3.  Prove that the diagonals of a rhombus are perpendicular to each other.

Proor : Arhombus is a parallelogram in which all sides are equal. Consider the thombus
ABCD (Fig.21). We see that in rhombus ABCD, the diagonals AC and BD
intersect each other at O. We need to prove that AC is perpendicular to BD.

In AAOB and ABOC
AO=0C (diagonals of a parallelogram bisect each other)
B OB = OB (common side)
AB =BC (sides of arhombus)
A AOB = ABOC (SSS congruency)
Therefore, ZAOB=~/ZBOC
Now, because ZAOB + ZBOC = 180° (Linear pair)
ZAOB + ZAOB = 180°
or 2/A0B =180°

180°
2

or ZAOB =90°

Similarly, we can prove that /ZBOC = ZCOD = ZAOD =90°. That is, the diagonals
of'arhombus are perpendicular to each other. Hence proved.

or ZAOB =

ExamvrLe-4.  Prove that the angle bisectors of a rhombus make a rectangle.

Proor : ABCD is a parallelogram as shown in Fig.22. Bisectors of LA, /B, ZC and /D
intersect at P, Q, R and S forming quadrilateral PQRS (Fig.22).

In AASD,
Since DS bisects D and AS bisects ZA, therefore

1 1
/ZDAS+ ZADS = E ZBAD + 5 ZADC

1
=~ (LA+ 4D
5 (£ATZD)



N

1
E % 180° =90° (LA and £D are interior angles
onthe same side of the transversal) ... (1)
InAASD,

ZDAS + ZADS + Z/DSA = 180° (Why?) .....(2)

From, equation (1) and (2)
90°+ ZDSA =180°
/DSA=90°
Therefore, ZPSR =90° (Being vertically opposite to ZDSA)
Similarly, ZBQC=ZPQR
In AAPB,
ZPAB+ ZAPB+ ZPBA=180° (Sum of angles of a triangle)
but ZPAB + ZPBA=90° (LA and £B are interior angles on the same side of the

transversal)

- ZAPB=90°
Similarly, ZSRQ =90°. Thus, PQRS is a quadrilateral in which all the angles are

right angles. Therefore, quadrilateral PQRS is a rectangle.

‘ Think and Discuss

1. Diagonals of a rectangle are of equal length (Hint- a rectangle is a parallelogram)

2. Diagonals of a square are equal and they bisect each other at right angles.

ExamvpLe-5.  Ifthe diagonals of a parallelogram ABCD intersect at point O and if OA=

3 cm and OB =4 ¢m, then find the lengths of the line segments OC, OD,
AC and BD.

Sorution @ ABCD is aparallelogram where AC and BD intersect at O (Fig.23).

OA=3cm OB=4cm

because diagonal of the parallelogram AC and BD bisects each other.
0OC=0A
OC=3cm



and OD=0B
OD=4cm

Now, AC=A0+0C=3+3=6cm
BD=0OB+0OD=4+4=8cm

Fig. 23 Therefore, it is clear that AC =6 cm and BD =8 cm.
Tueorem-11.7 : If in a quadrilateral, a pair of opposite sides is equal and parallel
then itis a parallelogram. (Prove with the help of teacher)
EXAMPLE-6. In triangle ABC, median AD was drawn on side BC and extended to E
A such that AD = ED. Prove that ABEC is a parallelogram.
Sorution :  Let ABC be the triangle and AD be its median on BC (Fig.24).
Extend AD to E such that AD = ED
sc—5 >C  Now join BEand CE
AN /" InAABDand AECD
\\\\\ / ,’I BD = DC (since D is the mid point of BC)
Ny ZADB = ZEDC (vertically opposite angles)
Fi; 24 AD=ED (given)
.. AABD = AECD (by SAS congruency)
Now, AB=CE (sides of congruent triangles)
and ZABD=ZECD
Both are a pair of alternate interior angles made between the lines AB and CE by
the transversal line BC.
.. AB || CE
So, in quadrilateral ABEC
AB||CE and AB=CE
Therefore, ABEC is a parallelogram.
D Q ¢ Exampie-7.  ABCDis parallelogram in which P and Q are the mid points
of opposite sides AB and CD respectively (Fig.25). fAQ
intersects DP at point S and BQ intersects CP at point R
then, show that:-
A P B @) APCQ is a parallelogram.
Fig. 25
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(i) DPBQ is a parallelogram.
(iii) PSQR is a parallelogram
SorutioN : (i) In quadrilateral APCQ

AP || QC (because AB||CD) ... (1)
AP= l AB
2
CQ= % CD (given)
Since AB =CD
therefore, AP=QC .. (2)

by equation (1) and (2) APCQ is a parallelogram.
(i1) Similarly, quadrilateral DPBQ is a parallelogram because DQ || PB and DQ =PB
(1i1) In quadrilateral PSQR
SP[|QR
(where SP is a part of DP and QR is a part of QB)
Similarly SQ|| PR
Therefore, PSQR is a parallelogram

4 Exercise - 11.1

1. XandY are the mid points of opposite sides
AB and CD of'parallelogram ABCD. Prove

that AXCY is a parallelogram.

2. Inthe adjacent figure, AB and DC are two parallel

lines which are intersected by transversal / at points

Pand R respectively. Prove that the

R bisectors of the interior angles make
arectangle.

3. ABCisanisosceles triangle in which
A D AB = AC, AD bisects the exterior
angle PAC and CD || BA. A< /p >B

Prove that:-
(i) £DAC=2/BCA
(i1) Quadrilateral ABCD is a parallelogram.
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ABCD is a parallelogram and BD is one of its diagonals. AP and
CQ are perpendiculars on BD from the vertices A and C respec-
tively. Prove that:-

(i) AAPB = ACQD (i) AP=CQ

>

>

ABCD is arectangle in which diagonal AC bisects both the angles A and C.
Then prove that:-

() ABCD is a square.
(i1) Diagonal BD bisects both angles B and D

>>
o
e

o)———-

W

6. AABC and ADEF are such that AB and BC are equal and parallel to DE
and EF respectively. Prove that AC and DF are equal and parallel.

The Mid-Point Theorem

You have studied many properties of triangles and quadrilaterals. Let us study a property
of triangles which is related to the mid-point of its sides. Let us look at the theorem:-

m
m

THeEOREM-11.8 : A line segment joining the mid-points of two sides of a triangle is
always parallel to and half of the third side.

Proor : Letus take AABC to prove this statement. In AABC, D and E are the mid points

of AB and AC respectively. Draw a line segment DF by joining mid points D and E such that
E is the mid-point of DF. Join C and F (Fig.26).

A Now, you can see that in AADE and ACFE
AE=CE (E is the mid-point of AC)
ZAED = ZCEF (vertically opposite angles)

DE =EF (by construction)
.. AADE = ACFE (by SAS congruency)
AD =CF and ZADE = ZCFE (by C.P.C.T.)
now BD=AD and AD=CF
..BD=CF .. (1)

Fig. 26

Also ZADE = ZCFE are equal (proved above). But these are alternate interior
angles for AD and CF intersected by DF.

.. AD||CF
orBDJCF . )
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By (1)and (2), BD and CF in quadrilateral BDFC are both equal and parallel. You
know that if a pair of opposite sides is both equal and parallel in a quadrilateral, then itis a
parallelogram. Therefore, DBCF is a parallelogram.

Since opposite sides of a parallelogram are equal so DF =BC. Also, DE + EF =
DF, DE =EF, so DF=2DE

1
..BC=2DE and DE= ) BC

‘ Try This

Now write the converse of theorem 11.8 and verify it.

THEOREM-11.9 : [, m and n are the three parallel lines intersected by transversals
p and g such that /, m and n cut off equal intercepts DE and EF on
p. Show that /, m and n cut off equal intercepts AB and BC on ¢
also.

Proor : Parallel lines /, m and n are intersected by transversal lines p ,‘\ 7‘1’ ?Y
G

atpoint D, E and F such that DE = EF

A

>
D A
Iftransversal line g intersects parallel lines /, m and » at points
A, B and C respectively, then we need to prove that AB =BC.

7 m
Now, to prove this we will draw a line which is parallel to g,

A
>m
[o0]
I

passes through the point E and intersects / and » at G and H
respectively. < jF XH cx >n
Clearly AG || BE (because /|| m and A, G and B, E lie on / and m
respectively)

GE | AB (by construction)

Then, AGEB is a parallelogram

.. AG=BEandGE=AB ... (1)
Similarly, BE || CH (because m ||[nand B, Eand C, H lie onm and
nrespectively)

EH || BC (by construction)

Then, BEHC is a parallelogram
..BE=CHand EH=BC .. (2)
Now, in AGED and AHEF




/DGE = ZEHF (alternate angles)
DE =EF (given)
/DEG= ZHEF (vertically opposite angles)
.. AGED = AHEF (by ASA congruency)
therefore, GE=EH
-+ GE =AB,EH=BC by (1)and (2)
. AB=BC

Hence, proved.

ABCD is atrapezium where AB || DC. E is the midpoint
of AD. A line drawn from E, parallel to AB, meets BC
at point F. Prove that F is the mid point of BC. E

ABCD isthombus and P, Q, R, S are the mid points of \
the sides AB, BC, CD and DA respectively. Show that | B
quadrilateral PQRS is a rectangle.

3. ABCD is arectangle in which P, Q, R, S are the mid points of sides AB, BC, CD
and DA respectively. Show that quadrilateral PQRS is a rhombus.
4. ABCD is a quadrilateral in which P, Q, R and S are

mid-points of the sides AB, BC, CD and DA. AC is
a diagonal. Show that :

_—0
-

1
(1) SRAC and SR = - AC

(2) PQ=
(3) PQRS is a parallelogram

_ What have We Learnt k

Sum of the interior angles of a quadrilateral is 360°.

A diagonal of a parallelogram divides it into two congruent triangles.
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3. There are many types of quadrilaterals. Some types of quadrilaterals are:-
1 Parallelograms (1) Rhombus (ii1) Trapezium
(iv)  Rectangle ) Square

4. A quadrilateral is a parallelogram, if
(1) Both pairs of opposite sides are equal;
(i1) Both pairs of opposite angles are equal;
(1) diagonals bisect each other;

(iv)  apairof opposite sides is both equal and parallel.

5. Diagonals of a rectangle bisect each other and are equal and vice-versa.

6. Diagonals of a square bisect each other at right angles and are equal and vice-
versa.

7. Diagonals of a rhombus bisect each other at right angles and vice-versa.

8. The line-segment joining the mid-points of any two sides of a triangle is parallel to

the third side and is half of it.




Transformation & Symmetry
Ih Geomeftrical Shares

12

Atthe house of Salma’s friend a large table was needed for the birthday party.
Salma said, "I have a large table at home. We can bring that here."

At Salma’s house, they first brought the table from the
| ‘ —y corner of the room near the door.

Then they began thinking about how to take the large table
Fig. 1 () out of the door?

For this, they first tilted the table so that it could come out of the door
and then inverted to place it on the van that would transport it. In this
process, the orientation of the table changed many times.

In the first step table was displaced from one place to another. In
the next step the table was rotated and then it was turned over.

Fig. 1 (ii

s 1w We note that in this entire transportation the orientation of the table
q changed many times. There was however, no change in its shape and
size. Thus, by moving, turning or tilting does not affect the shape or
size of a thing.

Let us now suppose that Salma wants to make pictures of this
process of moving the table in her notebook.

- - * - - - E—

Fig. 1 (iii)
Would the size of the picture of the table be different from the actual
size of the table? Fig.1(iv)
Discuss with your friends. Actual Table Table Made in the copy
Around us we see shapes T S
that are triangular, circular,
spherical, and rectangular in our
daily life. In actual life all things Fig. 1 (iv)

are three dimensional but if we
look at the face of the three dimensional objects from the front, or from the top or from
either the right or the left side then, we see only the face as a two dimensional shape.
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Do This

We have given examples of some concrete materials here. Observe these objects from the top,
front, right or the left and complete the following table accordingly:

S. | Nameofthe |Threedimen- Seeing it from various perspective
No. Object sional shape Top In front Left/Right
1. | Dice Cube Square | s | s
2. | Toothpaste box Cuboid Rectangle Rectangle [ .o
3. [Batteryofatorch| Cylinder | s | s [
4. |Ball Sphere | s | i | e
Transformation

We have just seen that on inverting, rotating or inclining objects and observing them gives
different appearances. In many situations, the shape of the objects changes, while for many
others it stays the same. Such observations are usually made in our daily life activities.
Deepti gave this example; "When I organize the furniture in my room then I rotate, shift,
change positions of the furniture items like, sofas, tables, chairs and beds in many different
ways". In order to change the place of a picture on the wall we shift the picture from one
place to the other.

Ashwin said, “We keep the used utensils facing up and after washing they are placed
facing down”. The position of the utensils as they were originally and after turning over is not
the same. The utensil seems different in these two positions.

Akanksha says, "When [ make a picture of my school building, the picture has the
structure and shape of the building but the size is smaller".

When you get a passport size picture enlarged into a bigger picture, is this also a
transformation?

Dipti thought for a while and said, “I have found that in some situations the transformed
shape appears to be the same as the original and is also congruent but in other situations the
size changes after transformation, i.e. They are not
congruent. That means any action on a shape that
changes its position, shape or size can be called a

transformation.” Q
Consider the operations performed in D %
Fig.2(i) and (i1) >

Fig. 2 (i) Fig. 2 (ii)
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Look at the Fig.2(i), if we rotate the initial shape about the line /, then we will get the second
shape. In Fig.2 (ii), the shape has been moved from one position to another.

In these situations if we place the original shape on the transformed
shape, then would both cover each other?

Both figures are
congruent as their
shape and size is the
same.

We know that similar shapes that are of the same size are also
congruent. This means the transformed and the original shapes in
Fig.2(i) and (i1) are congruent.

(These figures are congruent because they are of same shape and

size) O /\
A' B'
& j C D D' c'
Fig. 2 (iii) Fig. 2 (iv)

Now say, are the figures obtained after rotation and scaling up respectively in F7g.2(iii)
and 2(iv) congruent to the original ?

Think and Discuss

//{_7 Write two examples from your daily life in which you change the size, position or the shape
7, of objects.

Think about these transformations, discuss with your friends and complete the table
below:

S.No. | Whatis Are the figures Arethe figures | Arethe figures
happening same in size same in shape Congruent
1) Overturning Yes
(11) Shifting Yes
(1) | Rotating Yes
(v) | Scalingup No Yes No

What conclusions can you draw from the above table?

Maria immediately said, “In Fig.2(i) over turning and 2(i1) shifting and in 2(iii) rotating
the initial shape is congruent to the shape after the transformation. However, in Fig.2(iv)
there is no congruence due to the scaling up.”
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Playing with Geometrical Shapes

This is a design of a border on the wall, please extend it:-
The motif of this designis /\ , we can get the entire border by rotating, inverting or
sliding the above motif. Let us see how this can be done?

PAN

We get the first figure of the border S by inverting the motif. The second figure

PAN

namely V4 of the border is got by sliding the motif and then inverting it. Finally rotating the

motif €N % in an anticlockwise direction by 90°, we get the shape 4 By inverting this
shape we get 4 & Extend the border in this manner.

Can you make some more borders using the same motif? Think about it and make
such borders.

Try This

Choose motif and using transformations make new designs and borders.

Exercise 12.1

1- What particular operation is happening in each of these figures? Observe, think and
decide in which transformation the figure obtained is congruent to the original figure?

(iv)

&
(iii)

Types of Transformation

We can see two types of transformation:

l. Rigid transformation: Operations under which the transformed figure is congruent
with the original figure are called rigid transformation.
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V' s
A D A D' P S
4 cm
—_—
B C B' (o Q R
Fig. 3 (i) il
Fig. 3 (ii)

Q' In the above set of diagrams quadrilateral ABCD is slid in
/\ Fig.3(i), inverted in Fig.3(ii) and then rotated in Fig.3(iii).
P S Are all of these diagrams of the same quadrilateral?

In this we have performed three different operations on the
P' same diagram. We can see that in these the position of the

Q transformed diagram appears to be different from the
R original.
b We know that in rigid transformations the shape and size of
Fig. 3 (iii) the figure does not change.

(i) Translation

Let us consider the first operation. In Fig.3(i) quadrilateral
ABCD is moved horizontally by 4 cm. Will the size of all the
sides remain invariant? Will the measure of all the angles remain
invariant? Yes they will. (Why?)

The shape, size and all
measures of a picture
hanging on the wall is

remain unchanged
when it is shified Remember the properties of congruent shapes.

Dipti said: "Yes, in transformation (i) both the quadrilaterals
are congruent, that is the measures of corresponding sides and corresponding angles remains
invariant".

. AB=AB', BC=B'C',CD=C'D'and DA=D'A'
Similarly the congruent angles would be equal

ZABC=ZA'B'C', ZBCD = ZB'C'D', ZCDA=C'D'A'

and DAB=/ZD'A'B'
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Think and discuss

Would the corresponding sides and angles of a quadrilateral remain invariant under
rotation and inversion as well? Think about the reasons, discuss and write.

The shape and size of the quadrilateral remains invariant under translation, therefore
this is a rigid transformation. Any operation in which a shape or an object is shifted by a
particular distance in a particular direction to a different location is called a translation.

(ii) Reflection

Look at the operation in Fig.4 - N
If you place a mirror on line D A A D'
¢, then how will the image of v y
quadrilateral ABCD appear? D D
Would it look like quadrilateral ¢ B B c
A’B’C’D”? |
Ravi says if  invert (rotate by " Of?ﬂemn
180) quadrilateral ABCD about the line Fig. 4

¢, then I get quadrilateral A'B'C'D'.
Do you agree with Ravi’s method? Take another shape and rotate it by

Oh! great

180, around a particular line and see what kind of shape you get? Is this picture the ifAis
same as what you would get when you reflect the shape on a plane mirror placed turned
on the same line? up it looks

This operation is called reflection and the line around which the shape is different

reflected is called the line of reflection. In this shape is inverted or rotated around a

specific line by 180 to obtain the transform shape.

If we consider the distance of line ' g from the quadrilateral ABCD to be x and distance of
the quadrilateral A' B' C' D' from '¢' to be y, then would x be equal to yi.eisx =y ? Yes,
the original shape and the transform shape would be equidistant from the line ' ¢ .

Notice that this is a particular property of reflections. Let us try to understand this
with an example-

In Fig.5 here, square MNOP is transformed to M'N'O'P'. Join the 4
corresponding vertices of the two squares with line segments. The line segments PP, ™___ Y
0O0'and NN/, intersect with the line ' ¢' at points A, B and C respectively. s S e

PSS o
Can we say PA=P'A \n‘ 3{; - !
Sakshi says: “The distance of point A from the vertex P is the same as a £ 1}@

distance of point A from the vertex P'. This means PA=P'A.
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Would the statements OB = OB’ and NC=NC’ be similarly true? (why)

From the above discussion we can conclude that the distance of the two squares
from the line ' ¢ is the same.

Try This

E 1. Reflection is a rigid transformation. Why? Discuss in your group and write
120 m. with reason.

2. On one side of the road an electric pole E, is fixed. The distance of the
road from the pole is 120 m. Taking the road as the line of reflection,
reflect the pole. After reflection what would the perpendicular distance
(x) of the image of the electric pole (E'), formed on the other side of the

E road be from the road?

Road

(iii) Rotation

Now we discuss the third kind of transformation.

Ql
/\ Here the quadrilateral PQRS has been rotated about a point
‘R’ atthe centre in a clockwise direction. This transformation

is called rotation.

pr Look at the Fig.6 and say

Q R Is quadrilateral PQRS = quadrilateral P' Q'R S'?

Fig. 6 (= 1s the sign of congruence)
This rotation is a rigid transformation. Why?

You would have seen many rides in fairs that go round in
big circles. One such ride is shown in Fig.7. The ride is
revolving around the point ‘O’. That is the point ‘O’ is
the point of rotation. This point of rotation is located
outside the body. If we
see amoving ride going
around in a circle we will
notice thatitrevolves ina
circular path around the
point ‘O’. (Fig.7) If we
look carefully we realise
any point A or B on the
ride would move in a
circular trajectory.
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Let us discuss this process using a different example-

Look at Fig.8: in this the flagpole PQ is rotated clockwise by 30° with ‘O’
as the point of rotation. This point of rotation ‘O’ is also located outside the body.

In this case, to rotate the flafpole by an angle of 30° we take any two points
P and Q on it. We draw lines joining point P and Q respectively to the point ‘O’.
Keeping the lengths of the lines invariant, rotate each of them clockwise by 30°.
The flagpole has rotated by 30° and the points P and Q have also rotated by 30°.

For the process of rotation we need to pay attention to the following three
things-

First- Centre of rotation: The fixed point around which
the body will be rotated. This point can be on the body or
outside it.

Second- the direction of rotation, which can be clockwise
or anticlockwise.

Third- the measure of angle of rotation, apart from
deciding the centre of rotation and the direction of rotation
we need to know the angle of rotation.

When drawing an arc, I decide on the
point and the radius with which to
draw it in a fixed direction.

2. Non-rigid Transformation : Transformations
under which the transformed object and original
object are not congruent, for example scaling (magnifying or reducing) of the original
object, are called non rigid transformations.

Look at the two maps of Chhattisgarh
drawn above. The shape of both the maps
is the same but the sizes are different.




N Look at the rotations in the two figures and answer
the questions below separately for each-
1200 * 1. Whatis the point of rotation?
2. Does the point lie inside or outside?
3. Direction of rotation
4. Theangle of rotation?

You have to make a border for the wall of a room.
Complete the following border.

S 98 B B
S L& e

JA'

Look at the pattern and answer the following questions.

@) If you only had the figure ‘A’ as above, would you be able to make this
complete pattern by translating, rotating or reflecting A?

(i) Which figures can be obtained by transforming A? Which transformation
will you use for this purpose?

@)  Which transformation will you use to get D from B?

Taking 'I' to be the line of reflection complete the pictures-

(i) (i) / (iif)

O

A
v
~

(iv) (v) (vi)
3 [\& .  2cm A D
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3. Taking point ‘M’ to be the point of rotation, rotate the M
following figures as directed-

Q) Clockwise by 90°
(i) Anticlockwise by 30°

. o @ oM
@)  Clockwise by 60 m ) M (i)

4. Choose any shape of your choice. Using translation,
rotation, reflection design a border of the table cover.

5. Look carefully at each of the basic pattern (motif) given on the right. Draw the next
figure for each pattern. Which transformation did you used?

::::::::F

F
6066000 &
TR

Symmetry

Look at that figures drawn here. If we fold them right in their
middle we will get exactly the same shapes on the two sides
of the fold.

What do we call such figures? What do we call the
line that divides the figure into two identical parts? Fig. 9

These figures are called symmetrical shapes and the line that divides the
figure into two identical parts is called the line of symmetry.

(i) Linear Symmetry

In many natural objects, buildings, geometrical shapes and other things, we can see symmetry.
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Look at Fig.10. Draw a line on this that will divide it in two identical
parts. The shapes on both sides of the line must be identical.

You can think of some more figures like this.

Look at the Fig.11. The line of symmetry is horizontal
here and the picture of the bird on both sides is identical. Fig. 10
This is called as linear symmetry.

Can any other line be drawn in these which divides them in identical parts?

(i) Rotational Symmetry

Look at Fig.12 (i) and 12 (ii). How many lines of symmetry do these
have? You would find that on in one rotation they will look like their initial
state at least once.

Let us consider the rotational symmetry of an equilateral triangle.

: There are three lines of symmetry in a equilateral triangle. In a complete
Fig. 12 (i) Fig. 12 (ii) rotation an equilateral triangle is identical to the initial state at three positions.
This number is the order of rotation. In the same manner find out the order

of rotation for the other two shapes in Fig.12.

14 3 2
4 Y.
3 v ) “2 1 1 3%
3 2 1 3
2 1 1 3 E) 2 2 1
Initial state After rotating by 120°  After rotating by 240° After rotating by 360°

(the initial state)
Fig. 13



On the basis of the above discussion complete the following table-
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Figure How many lines
of symmetry?

In one complete rotation how
many times the same as original

Order of
rotation

Regular Pentagon

Equilateral Triangle 3

Rectangle

Square

The letter U

The letter M

and write it.

Think and Discuss

How many lines of symmetry are there in regular polygon? Is there a relation in the number
of sides and order of rotations in such a polygon? What is it?

Try This
1. What symmetry can be seen in the following letters? Identify the point of symmetry

IFENHGAO

Identify and write the type of symmetry in the following pictures?

1% 00w %

Applications of Symmetry

and Transformations

Many designs and patterns can be seen on floors,
walls, wallpapers, saries, clothes etc. These have
many symmetries and often are made with
transformations on one motif. For example in
Fig.14(1) the motif can be recognised at many

places. It is the same in Fig. 14(ii).
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£
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Look at Fig.15(1) and Fig. 15(11) carefully. Identify
the motifand draw.

&
s

Fig. 15 (i)

Fig. 15 (i)

Exercise - 12.3

Draw pictures of some objects that show-
1) linear symmetry
(11) rotational symmetry

Take a shape of your choice, using it as the motif, create a pattern.

Identify English alphabet, that have-
1) two lines of symmetry (11) No lines of symmetry
(1i1) rotational symmetry

What Have We Learnt

o »~ »w

IS

If congruent shapes are inverted, rotated or translated then they remain congruent.

Transformations under which the transformed shape is congruent to the original
shape are called rigid transformations.

Rigid transformations include the three processes translation, reflection and rotation.
For translation the distance and direction need to be specified.

For rotation, the point of rotation, the angle of rotation and direction of rotation
needs to be known.

The original shape and the transformed shape are equidistant from the line of reflection.
We have learned about two symmetries- linear symmetry and rotational symmetry.

Repeating a motif'and placing it on a plane in an organised manner without any gaps
or overlaps can produce patterns.



uctions

We have learnt to draw line segment with a scale and angles with compass and protector.
Now we shall learn to draw some closed shapes.

Let us Construct

Ifthe length of three line segments are given, then is it always possible to construct a triangle
with the given measurement? Discuss among yourselves.

Ifthe three sides of a triangle are of 5 cm, 6 cm and 7 cm, then

can we construct a triangle? Let us try:- Q o om R
1. Draw aline segment QR of 6 cm (Fig.1(1)). Fig. 1 (i)
2. Spread the arms of the compass upto 5 cm, place one arm on
point Q and make an arc. (Fig.1(i1)). '-\
3. Spread the arms of compass upto 7 ¢m and place it on point R , '
and then make an arc which intersects the first arc at point P. &
(Fig. 1(iii)) "

. P is the intersection point.
5. Join P with R and Q.

6cm
Fig. 1 (ii)
P
;, \:
& 2
‘R R
Q 6cm Q 6cm

Fig. 1 (iii) Fig. 1 (iv)




6. Thus the triangle PQR is constructed. (Fig.1(iv)).

Jayant tried to construct a triangle with sides 2 cm, 3 cm and 6 cm.

)
&/ \» N =
o < «/
2cm

6 cm 3cm

Can a triangle be constructed with these measurements? Why?

Try This A
Is it possible to construct triangles with the following measurements?
(1) (2 em, 3cm, 4 cm) (i) (3cem,4cm,5 cm)
(11) (2cm, 4 cm, 8 cm) (v) (4 cm, 5 cm, 6 cm)

Of'the given measurements, triangles can be formed only if the sum of two small
sides is bigger than the measurement of the longest side.

Some More Constructions

Construction-1 : Construct a triangle when the measurement of two sides and the angle

formed by them is given.
Exavpre-1.  Construct a triangle ABC where AB =5 ¢m, AC = 4 cm and
ZA=45°,

Steps of Constructions

Draw a line segment AC of 4 cm.

X
2. Drawaray AX on A which forms an angle of 45°
withAC.
& 3. Drawanarc of 5 cm from point A, which cuts AX
o atpoint B. (Fig.2(i))
45° 4. Draw aline segment joining points B and C. This
A C A C way AABC is constructed. (Fig.2(i1)).
4cm 4 cm

Fig. 2 (i) Fig. 2 (ii)
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Try This
In this triangle AB =5 cm, AC=4 cm and ZA=45°. If we want we can

draw a line segment AB of 5 cm and then a ray AY making on angle of45°
onAB.

Now from A make an arc of 4 cm on AC.
Is triangle ACB like the first triangle?

Do This Also
Construct a triangle ABC where
AB=7cm,AC =6 cm and /B =40°

Steps of construction:-

1. First of all draw a line segment
AB=7cm

2. At point B draw a ray BX such that
ZABX=40°(Fig.3 (1))

3. From point A draw an arc of radius 6
cm intersecting ray BX at points C and
D. (Fig.3(i1)). A LU VANY

. . 7cm 7 cm
You can see that with the given Fig. 3 (i) Fig. 3 (ii)

conditions we get two points C and D on the

ray BX. Therefore, it can be said that with the given measurements of the triangle two
points A and B can be definitely determined; but the third point can be either C or D. As
the third point can be either C or D, therefore the measurements given are not sufficient

to construct a unique triangle.

A TryThis
Discuss with friends the measurements given to construct triangle:-
@) AB=7cm,AC=6cm, LC=40°

(11) AB=3cm,BC=4cm, LA =60°

(ii1) PR=6 cm,PQ=5cm, £LQ =75°

) AB=45cm, AC=6.3cm, LA=55°

You have seen that a unique triangle can be constructed only when the measurements
of two sides and the angle formed by them is given.



Construction-2 : Construct a triangle when the measurement of

one side and the two angles on it's two end
points are given.

ExampLE-2.  To construct a triangle ABC where AB = 6 cm;
Z/BAC =30°, ZABC =100°.

30° 100>
A 6 cm ® Steps of construction:-
Fig. 4 1. Draw aline segement AB =6 cm.
2. Online segment AB draw an angle of 30° at point A with the
help of the protractor. (Fig.4 (1))
3. Similarly at point B draw an angle of 100°.
o 4. Ext'en't the arms of both the angles. Let the point of intersection
A — B be 'C'".
Fig. 4 (i) 5. ThenABC is the required triangle (Fig.4 (ii)).

O Ty A
1.

Construct a triangle with the given measurements and discuss which type of triangle
are these:-

) In APQR, PQ =5 cm, /P =90°, £Q =30°

(i) In AMNP, MN =6 ¢cm, ZM =90°, /N = 30°

Draw and see if it is possible to construct triangle of given measurement:-
() PQ=3.5cm, £ZQ =45°, /R =50°

(i) XY =75cm, LZ="70°, LY =40°

4 cm
Fig. 5 (i)

Special Type of Triangles

Construction-3 : To construct such a triangle where the base, angle formed on

the base and the sum of remaining two sides are given.

ExampLe-3. Construct a triangle PQR where QR =4 ¢cm, PQ+ PR =7.5 cm
and ZPQR = 60°.

Steps of Construction:-
1. Draw line segment QR =4 ¢m and at point Q draw an ZXQR = 60°.

2. With Q as centre, draw an arc of radius 7.5 cm intersecting QX at point
S. Join RS. (Fig.5(1)).
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3. With the help of compass draw a
perpendicular bisector / of RS
which cuts QS at point P and SR

at point T. (Fig.5(ii).

Perpendicular bisector : Perpendicular bisector is that
line which divides any line segment into two equal parts by
forming right angle.

Construction of Perpendicular Bisector:
1. Distance between two arms of the compass should be

more than half of the line segment.
2. Now from point A cut an arc on ’

both the sides of the line segment. c

Then from point B repeat the 7

same process. =

3. Join the cut points of both the A B

arcs with a scale. ~

This line / is the perpendicular

bisector of AB.

4cm X
Fig. 5 (ii) X
4. Joint PR (Fig.5(iii).
APTS = APTR. (Why?)
P
-~ PS=PR  (CPCT)
QP + PS = QP + PR (=7.5 cm) S
«l

Therefore, APQR is the required triangle.
Why is step 3 constructed like this? 60°
We should locate point P on the side QS such that PS =PR Q T om R
This could be done if both line segments could be seen as Fig. 5 (iii)

corresponding sides of two congruent triangles.

The perpendicular bisector of SR gives two such points P
and T which divide APSR into two congruent triangle by
line segment PT.
Alternate Method
Now we shall construct the same triangle in a different
way.
Steps of Construction:-
l. Repeat steps 1 and 2 like. (Fig.6(1)). Q
2. Construct an ZSRY equal to ZQSR. 4 cm 4 cm

Intersecting QX at point P. (Fig.6(ii)) Fig- 6.0 Fig. 6 (i)



PS=PR (Why?)
QP +PS=QP+PR=7.5cm.
..PQR is the required triangle.

Construct a triangle ABC where BC =6 cm, /B =60° and AB+AC =11 cm.

In A's sides opposite to
equal angles are equal.

Construction-4 : To construct such a triangle where base, an angle on base and difference

between two remaining sides are given.

X
ExampLe-4. Construct a triangle PQR where the base QR =5.2 cm, ZPQR
=45°and PQ-PR =1 cm.
Steps of construction
\& 4 1. Draw aline segment QR =5.2 cm.
OVALN r 2. AtpointQmakean ZXQR=45° Onray QX take a point D such that
52cm QD =1cm (PQ—-PR =1 cm) (Fig.7(i)).
Fig. 7 (i)
What to do next?
/ I'll tell you! \

On QX we need a point P such that PD = PR (then the difference
between PQ and PR will be 1 cm.)
If PD and PR could be seen as corresponding sides of two congruent

triangles then PD will be equal to PR. If we draw perpendicular bisector
of side DR then we get two congruent triangles PDT and PRT. /

3. Join the points R and D. Draw a
perpendicular bisector of the arm RD
which cuts the ray QX at P.
(Fig.7(ii)).

4. Join points P and R. Thus the
required APQR is constructed.

; 52cem ¢ gy
Fig. 7 (ii) S Fig. 7 (i) 3 (Fig.7(iii))
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Construction-5 : To construct a triangle where the sum of three sides (perimeter) and the

two base angles are given.
ExampLe-5.  Construct a triangle ABC where Z/B =30°, ZC=60° and AB+BC+CA
=10.5 cm.
Steps of Construction L
1. Draw a line segment PQ =10.5 cm (PQ=BC+ CA+ AB)
2. Construct angles of measure 30° (equivalent to £/B) and 60°

(equivalent to ZC) at point P & Q respectively. Now
construct angle bisector of both the above angles & name  p«=

their point of intersection as A. (Fig.8(1)). 10.5 cm
Fig. 8 (i)

Lm
\ 3. Now draw perpendicular bisector / and m
of side PA and QA respectively which bisect the
line segment PQ at the Q

points B and C. ,‘

WS (Fiesi).

Fig. 8 (ii)
4. Join point B and point C with A. (Fig.8(ii1)) p<= m B |
) ) ) Sz 10.5cm *C
AABC is the required triangle. E :
Fig. 8 (iii)
y Try This

Measure the three sides of the triangle which you have constructed and add them. Is
AB+ BC+ CA=10.5 cm?

If one side of the triangle is extended, the external angle formed on the extended side is
equal to the sum of the two internally opposite angles.

‘ Exercise - 1 3.1_

1. Construct triangles by the given measurements of their sides and angles.
S.No. | Traingle Given Measurements
1) ADEF DE=4.5cm EF=55cm DF=4cm
(i) APQR ZQ=130° ZR=30° QR=4.7cm
(i) AABC /B =60° BC=5cm AB+AC=8cm




Construct a right angled triangle with a base of 4 cm and the sum of the other sides
is 8 cm.

Construct a triangle PQR where QR =7 cm, ZQ =45° and PQ—-PR =2 cm.

Construct a traingle XYZ where £XYZ = 50°, YZ = 5 c¢m and
XZ-XY=2.5cm.

Construct a triangle ABC where AB+BC+ CA=13 cmand /B =45°, Z/C=

70°.

Constructionof Quadrilateral

So far you have constructed quadrilaterals in different situation. Now we shall construct
these in some new situations.

Construction-6:

L

=

Tcm

Fig. 9 (i)

407°\io

(@]

>

T cm

Fig. 9 (iii)

Construct a parallelogram where its two diagonals and the angle

formed between them is given.

Construct a parallelogram ABCD where AC=7

cm and BD = 6 ¢cm and the angle formed between

Draw a perpendicular bisector LM of line segment AC which

EXAMPLE-6.
them is of 40°.
Steps of construction:-
1. Draw aline segment AC =7 cm.
2.
intersects AC at O. (Fig.9(1))
3. Draw aray OX where
ZAOX = 40°. Now
extend ray OX to
XOX'. (Fig.9(ii)).
4. Taking O as the centre

point, draw two arcs
of 3 cm (half of the
length of another
diagonal i.e. half of
6cm = 3 cm) on
XOX' namely B and
D. Join both B and D
with A and C.

(Fig.9(ii)).

Fig. 9 (i)

M

Thus, the required parallelogram ABCD is constructed.
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Remember:- Diagonals in a parallelogram bisect each other. Therefore we draw
perpendicular bisector of AC by which we got the central point O. On point O, we

constructed an ZAOX =40° and OB=0D =3 cm.

y Try This

Can you similarly construct a rectangle and a square?

Discuss with friends and form two questions based on it and construct it.

Construction-7 : Constructa trapezium when two adjacent sides, the angle formed by

them and the parallel sides are known.

Exampre-7.  Construct a trapezium ABCD when AB =5 ¢m, BC = 2.8 cm, AD =
3cem, ZA =60° and AB || CD.

X
Steps of construction:-
1. Draw a line segment AB =5 cm.
2. Draw aray AX by forming an angle of 60° at point A.
60°
X 3. CutanarcADof3cmon A Som B
AX to get point D. (Fig.10(1)). Fig. 10 )
60°
> 4 From point D
draw aray DY such X
that ZXDY = 60°
60° o 10(ii
A B (Fig.10(i1)) g/<: o '
S5cem S }: C\ >Y
Fig. 10 (i
‘2. 10 @) 5. From point B,
draw an arc of 2.8
cm intersecting DY 60°
X at points C and C' A B

t S5cm
Q/<‘ (Fig.10(iii)). Fig. 10 (iii)
60° ¢ c y

D 6. Join B with C and C". (Fig.10 (iv)). This
way the required trapezium ABCD and
ABC'D is formed.

60°

5cm
Fig. 10 (iv)
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_ Exercise - 13.2 k

Construct a parallelogram ABCD where AD =4 ¢cm, AB=6 cm and ZA=65°.

Construct a parallelogram where AB =4 cm, AD =3 cm and diagonal AC =4.5

cm.

3. Construct a rectangle where one side is of 3 cm and the diagonal is of 5 cm.

4. Construct a rhombus where the two diagonals are of lengths 4.5 cm and 6 cm
respectively.

5. Constructa trapezium ABCD where AB || CD,AB=5cm,BC=3 cm,AD=3.5
cm and the distance between the parallel lines is 2.5 cm.

Construction-8 : To construct a triangle which is equal in area to the area of a given

quadrilateral.
ExamprLe-8. Construct a quadrilateral where AB =7 cm, CD=6 cm, BC=4 cm,AD
N =5 cmand ZBAD = 60°.
w And taking AB as one side construct a triangle which is equal in area to the
~/\80" oy Aarea of a quadrilateral.
B 7cm B "

Fig. 11 (i) Steps of construction:-
I. Draw aray AX. On AX mark line segment AB of 7 cm.

2. On point A draw an Z/BAY =60° and cut an arc of 5 cm which cuts
AY atD. (Fig.11(1))

3. Cut arc of length 4 cm & 6 cm from points B & D
»X respectively, intersecting at point C.

Fig. 11 (ii) 4. Join BC, CD. Quadrilateral ABCD is the required
quadrilateral. (Fig. 11 (ii))

Y 5. Now join BD. Frompoint Cdraw CE ||BD ¥
which cuts AX at E. (Fig. 11(iii)). Join
EandD. (Fig.11(iv))

6 cm

7T cm B E A 7 em B E

Fig. 11 (iii) Fig. 11 (iv)



Thus, we get the required triangle which is equal in area to the area of quadrilateral
ABCD.

A Think and Discuss
Areas of AADE and quadrilateral ABCD are equal. How?

Construction-9 :  Construct a parallelogram and rectangle which is equal in area to the

area of'a given triangle.
ExamrLe-9.  Construct a parallelogram which is equal in area to X
that of a triangle ABC where AB=9 cm, AC=5cm c
and ZCAB =60°.
X . $
/ Steps of construction:- o
C »v 1. Drawa line segment AB=9 60°
cm and an ZBAX of 60°at A 9 om B
,05 A. Fig. 12 ()
2. On ray AX cut an arc of 5
60° B cm at point C. Join BC.
A 9cm Required triangle ABC is
Fig. 12 (ii) formed (Fig.12(1)).

3. From point C draw aray CY
parallel to AB. (Fig.12(ii)).

4. Draw a perpendicular

p-
=] WV

bisector PQ of side AB which 9 cm

bisects AB at O. (Fig. 12(iii)). { Fig. 12 (iii)
5. From point O draw OD|| AC Lé

(Fig.12(iv))

Thus, we get the required parallelogram which is
equal in area to the area of

AABC. Discuss why ?

‘ Exercise - 13.5 _

l. Construct a quadrilateral ABCD where AB =5 ¢m, BC=6 cm, CD =7 cm and
/B =/C=90°. Then on AB as base construct a triangle which is equal in area to
that of the quadrilateral.

2. Construct a triangle whose area is equal to the area of the rhombus whose sides are
of 6 cm and one angle of 60°.

Q




3. Construct an isosceles triangle with a base of 6 cm and base angles of 70°, construct
a parallelogram and rectangle which is equal in area to that of the triangle.

4. Construct a traingle PQR where PQ =8 c¢m, PR =6 cm, ZQPR = 65°. Construct
a parallelogram whose area is equal to the area of the triangle.

ConstructingaCircumscribed RegularPolygon Around
a Circle and Inscribed Regular Polygon in a Circle

Construction-10 : Construct a regular pentagon inscribed ina 3

cm radius circle.

Steps of construction:-

1. With centre O draw a circle of radius 3 ¢m Join O with
point A on the circumference. (Fig.13(1)).

>

. Fig. 13 (i
2. Since we have to construct a regular pentagon therefore & 1530

divide the circle into 5 equal parts. The value of an angle

B
N 360° .
subtended at the centre would be s 72° (Why?).
A A

3. On OA, draw an angle of 72° at point O which cuts
/ the circumference at B. (Fig. 13(i1)).
D 4 . Measure the arc AB with the compass and mark arcs Fig. 13 (ii)
Fi . on the circumference and we get points C, D and E.
ig. 13 (iv)
(Fig.13(i11)). AN
5. Joint A with B, B with C, C with D, D with E and E with A.
(Fig.13(iv)).
This way a required regular pentagon is obtained.

(i)

S~

i

E
. . . o . . Fig. 13 (iii)
Similarly any regular polygon can be inscribed in a circle.

_ Think and Discuss k

For pentagon the angle at the centre is

o [e]

, for hexagon it is G

,s0 would the angle

360°

at the centre of a polygon of n sides be ?
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Construction-11 : To construct a regular hexagon circumscribed around a circle of radius

3.5 cm.

Steps of construction:-

With centre O draw a circle of radius 3.5 ¢m Take a point A on the
circumference and join it with O. (Fig. 14(1))

2. The value of the internal angle of regular hexagon

. Asin construction-10 with arc ABmark the

. Joint points C, D, E and F with the centre O.

R
_ 60°
D 3.5cm
$
E
<
Fig. 14 (iv)
it.
1.
2.
3.
4,

>

o

at the circle will be= ——=60°. On OA draw Fig- 1409
an angle of 60° at point O which cuts the 3
circumference at B.

60°

points C, D, E and F (Fig. 14(i)). 3 cm

m
)
>

(Fig.14(111)). Fig. 14 (iii)

. On OA, OB, OC, OD, OE and OF draw perpendicular

lines UAP, PBQ, QCR, RDS, SET and TFU. (Fig.14(iv)).

Thus, we get the required hexagon PQRSTU which is the

circumscribing the circle.

Similarly in any circle we can construct a regular polygon inscribing or circumscribing

Construct a regular quadrilateral inscribed in a circle of a radius of 2 cm.

Construct a regular octagon inscribed in a circle of a radius of 3 cm.

Construct a regular pentagon circumscribed around a circle of radius 2.5 cm.

‘ Exercise - 13.4 _

Construct a regular octagon circumscribed around a circle of radius 3 cm.




A triangle can be constructed only when:-

1) The sum of two small sides is bigger than the measurement of the longest
side.
(1) Measurement of two sides and angle formed by them is given.

(111) Measurement of one side and angles on both its ends are given.

(iv)  When the base of a triangle, any one angle on the base and sum of the
remaining two sides given.

v) When the base of a triangle, any one angle on the base and the difference
between the remaining two sides is given.

(vi)  When perimeter of a triangle and both angles on the base are given.

A parallelogram can be constructed when its two diagonals and angle between
them is given.

Trapezium can be constructed when two adjacent sides, angle formed by them and
parallel sides are given.

Area of two triangles formed on one base and between same two parallel lines, is
equal.

360°
Angles formed at the centre by each sides of polygon of  sides will be P

A regular polygon inscribed in a circle and circumscribed around a circle can be
constructed.




MENSURATION

Let us know the history of mensuration.....

Usually mathematical ideas originates from daily activities and experiences. In ancient times people used
measure of “Bitta”, “Hath” (hand span, palm length) etc. for measuring the land, height of walls, depth of well etc. Using
only these measures many big palaces, buildings, castles, ponds, roads, canals, drains etc. were constructed.

The field area was measured on the basis of the amount of seed sown in it, weight was measured by taking
pebbles and other natural objects as units, volume was measured in lottas, glasses, tumblers, pots etc. Since these
measures varied a lot, gradually the practice of measuring things in a standard unit evolved. In Indus valley of India fine

standardized system of measuring length and weights (d7C), existed as early as 5 centuries before Christ. There were
standard weights for different measures. Small weights for expensive things and big weights for things which were
exchanged in large quantity. Most of the weights were cubical. Weighing balances (7NTV]) with two sides were also made
here. Similarly there were standard measures for measuring lengths which could even measure up to 1/16 of an inch.
Many methods of measurements were adopted in Iran and Central Asia from India and vice versa. Mensuration as we
know today has evolved, based on all these. Many situations are involved where these are needed. Some of them are-

The number and cost of tiles used to make a floor.

L. Cost of fencing with wire around any field.

2. Cost of bricks or stones used in making parapets of wells.
3. Area of any room.

4. Volume of any tank.

5.

6.

Estimate of the cost of ploughing or cutting of the crop.

For these we will need to find perimeter and area of closed two dimensional shapes and surface area and volume
of solid shapes. In mensuration we will learn to find perimeter, area of triangle, quadrilateral, circle etc and surface area,
volume of geometrical shapes like cube, cuboid, cylinder, cone and sphere etc.

Indian mathematicians gave many formulas for geometrical shapes and figures which are similar to formulae that
we use today. For example- Aryabhatt gave following formula of area of circle:-

FHARvTERT fashTRiEard gamhed

ie. Area of circle = 5 (Circumference) x E (Diameter)

=nr’

Where r is radius of circle.

The information presented here is collected from various sources. Teachers and students can get more information
about mensuration from other sources also.




We see many circular shapes like coins, bicycle wheels, dial of a clock etc. You may find
many other objects around you that are circular. Can you think of few more such objects?

In this chapter, we will read about circle and its properties.

Diameter of a Circle

You know about a circle. Fig.2, there is a circle with
centre O and radius OP. In Fig.3, you can see the line

p segment AOB that passes through centre of the circle'O' A o, B
and has its end points at the circumference. AOB is a
. . P
diameter of the circle.
Fig. 2 Fig. 3

Diameter of the Circle =2 x Radius

Circumference of a Circle

In any circle drawn with any radius, the ratio of the circumference to its diameter is always
fixed. This ratio is represented using a Greek letter m (pi).

Circumference of Circle

Therefore, ;
Diameter



~ SwororaCkar&levemiorArc

7

Circumference of the Circle =~ = m x diameter

= 1 % (2 x radius) (Since, diameter = 2 x radius)
Ifradius of a circle is 7, then
Its circumference = mx 2xr)

Circumference of Circle =2nr

y Try This

Take circular objects from your surroundings, find out the ratio of their circumferences to

the respective diameters. Is the ratio constant? If yes, what is the value?

Area of a Circle

Draw a circle with centre 'O’ and radius '7'. Inscribe a regular polygon with 'n' sides
in the circle (as shown in Fig.4). Now, make triangles by joining vertices of the
regular polygon with the centre of the circle. You can see AOPQ as one of the triangles.

1
Area of Triangle OPQ = ) PQ x OL

1
=5 x side x length of perpendicular from centre to the side. Fig. 4

Since, the lengths of perpendicular from centre 'O' on each side of regular
polygon are the same. Therefore, area of each triangle will be the same.

We know, that there are n such triangles.
So, area of n triangles
=nxy side % perpendicular from centre to the side

Now, what will happen if number of sides become infinite? In such situation, perimeter
of the polygon will become same as circumference of the circle and area of the polygon will
become equal to the area of circle. The length OL will become equal to 'r".

x Circumference X Radius

N | =

Therefore, Area of Circle =

X 2nr X r

I
a N | —
S




Sector of a Circle

¢ Sector of circle is the portion of the circle enclosed by two radii and an arc. In Fig.5,
you can see a circle with centre O and radius ''. A, B and C are any three points on
the circumference of the circle. Join center 'O' with point A and B. Radii OA and OB
divide the circle in two parts OAB and OBCA. These two are the sector of the
circle.

Sector OAB is enclosed by radii OA, OB and anarc 5 and sector OBCA is

Major Sector

A

Fig. 5 enclosed by radii OA, OB and an arc @ .

Letthearc g subtend an angle 6 at the centre 'O’ then the length of the arc is
proportional to angle subtended by the arc at the centre.

Lengthofanarc ~ Angle subtended by the arc at centre

Circumference of circle ~ Angle subtended by circle at centre

Lenth of an arc 0

Circumference of circle - 360°

Length ofan arc= x Circumference of circle

360°

Length of an arc of sector = x 2mr

360°

In the similar manner, area of the sector is proportional to the interior angle sub-
tended at the centre by the arc enclosing it.

Area of sector _ Angle subtended at centre by the enclosing arc

" Area of circle Angle subtended by circle at centre

Area of Sector 0
Area of circle  360°

Area of sector = x Area of circle

360°

Area of sector = T

X
360°




N

Area of a Circular Path

Circular path is the region between two concentric circles. If the radii of the outer )
circle and inner circle are -, and r, respectively, S/ P
then, width of the circular path = Outer radius — Inner radius
—hTn Fig. 6
Area of circular path = Area of outer circle — Area of inner circle
— 2 _ 2
= nr}? —nr,
— 2 2
=n(r’— 1))
1 — 2__ 52
Area of circular path = (> — r,%)

ExamprLe-1.  Diameter of a circle is 14 ¢m Find the circumference and the area of the
circle.

SorLuTioN :  Given, diameter of circle =2r= 14 cm.

14
.. radius of circle, = 5 =T cm

We know, circumference of circle = 2mtr
=2x 2 XT=44 cm
7
And area of the circle =nr?
22
=7><72 =154 sq cm
ExavrLe-2.  Find area of the circle, whose circumference is 176 cm.

Sorution :  Here, circumference of the circle =176 cm

Co21r= 176
2><%><r:176

L _176x7
2x22

=28 cm

Therefore, area of the circle = 772

2
== x(28)° = 2464 sq cm




ExamrLe-3.  Radii of two circles are 8 cm and 6 cm respectively. Find radius of the
circle whose area equals the sum of the areas of the two given circles.

Sorution :  Here, radius of the first circle 7, =8 cm
radius of'the second circle r,=6cm
And radius of'the required circle R =?
We know area of required circle = Area of first circle + Area of second circle.
nR* = nr? + nr,?
nR? =n(r*+7?)

R?= rl2 + r22

R2= 82+ 62
R?=64 +36
R2=100
R=10cm

ExavrLe-4.  Radius of a circular ground is 35 cm. How long will it take for a boy to
complete 10 rounds of the grounds at a speed of 5 km per hour.

Sorution :  Radius of the circular ground r=35m
Distance covered by the boy in one round (circumference) = 2mr

Hence, distance covered in 10 rounds = 10 x 2mr

= 10><2><27—2><35

=2200m=2.2 km
Time taken by the boy to cover 5 km = 60 minute
. o 60x2.2 .
Therefore, 2.2 km will be covered in time = 5 =26.4 minute

=26 minute and 24 second.

ExamrLe-5.  Find width of the circular path whose outer and inner circumference are
110 meters and 88 meters respectively.

Sorution : Let, outer radius of the circular path = » meter
and, inner radius of the circular path =, meter

we know that, outer circumference of circular path = 110 meter



2nr, =110

" S 17.5 meter
Inner circumference of the circular path = 88 meter
2nr, = 88
2X—xr =88
- 8xT7 14 met
Iy 5. g, 4 meter

Width of the circular path= r —r,

=17.5-14= 3.5 meter

ExampLe-6. A circular garden is surrounded by a 7 meter wide road. Circumference of

the garden is 352 meter. Find area of the road.

Sorution :  Let, the outer radius of the road = r,
And, inner radius of the road (radius of garden) =r,

We know that, circumference of the garden = 352 meter.

2Tcr2 = 352

5y 22
XX r, = 352

= 56 meter

Therefore, outer radius of circular path (road) = 56 + 7 = 63 meter

.. Area of the circular path =n(r > —7,?)

- 27—2 < [ (63) ~(56)|

22
= —%(63 +56) (63 - 56)

22
= 7><119 x T7=2618 sqm



ExampLe-7.  There is a circle of radius 21 c¢m. A sector that subtends an angle 120° at
the center is cut from the circle. Find length of the arc of sector cut. Also
find area of'the sector.

SorLution :  Given, radius of the circle =21 cm
Angle subtended by the sector 6 =120°

Therefore, length of the arc of sector = X 2mr

360°

= 120 ><2><2><21
360° 7

=44 cm

2
XTr

And area of the sector = 360°

1200
" 360°

22 )
xX—x (21

2 (2D
=462 sq cm

ExamrLe-8.  Find the area of the shaded portion
in given figure. (Fig.7)

Sorution :  Area of the shaded portion ABCD
= Area of sector OAB — Area of sector OCD

0

e 2 2
e X 0OA — X OD
3600 < MO~ 3 X ™OD)
_ 0 ><w[«14f-—(cno)f
360°
300

::%WX%XWV—@Qﬂ

1 22
= —X—Xx(74+3.5)x(7—3.5
T ( )X ( )




~ SwororaCkar&levemiorArc

= 1 x10.5%x3.5

6x7
=9.625 sq cm or 9.625 cm?
Area of the shaded portion is 9.625 sq cm

‘ Exercise-14.1

1. Find the circumference of the circle, whose radius is 17.5 cm.

Find the area of the circle, whose radius is 4.2 cm.

3. A horse is tied by a 14 meter long rope in a ground. What is the area of the ground,
that the horse can graze, if he can move up to the full length of the rope?

4. Radius of a bicycle wheel is 35 cm. How much distance will it cover in 500 complete
rotations?

5. Radius of a circle is 3 meter, what would be the radius of a circle whose area is 9
times the area of the first circle?

6. Inner circumference of a circular path is 440 m. Width of the path is 14 m. Find
diameter of the outer circle of the circular path.

7. A circular ground of radius 50 meter is sorrounded by a 5 meter wide road. You
want to cover the road with tile. Find the total cost of tiling if the rate of tiling per
square meter is 30 rupees.

8. You are given a sector which subtends an angle of 70° at the centre of the circle

with radius 21 cm Find the length of the arc and area of the given sector.

1
9. Area of a sector of the circle is 3 times the area of the circle. Find the angle

subtended at the centre by the given sector.

10.  Area of a sector is 1540 sq cm, it subtends an angle of 50° at the centre of the
circle. Find the radius of the circle.

4 What Have We Learnt _

1. Diameter of the circle (2 x radius), circumference of the circle (2ntr), area of

the circle (n7?). We also learnt about the sector of a circle.

2. Area of the circular path = n(r > —r ?); where r, and r, are outer and inner radii
respectively.




Cube and Cuboid

Chalk
Box

U]
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We see a lot of things like book, pen, pencil, rubber etc. around us. These are 3D objects
but we can see 2D shapes like triangle, quadrilateral, circle etc. in them. The surface, edges
and vertices of these 3D objects are made up by combining these 2D shapes. We will now
learn about surface area and volume of 3D objects such as cube and cuboid. To do this we

will use the concept of 2D shapes and their area.

Representing 3D Shapes

We can draw 2D shapes (triangle, quadrilateral and circle etc.) on paper as per their
measures.

Can we similarly depict three dimentional shapes on paper with their measurements?

Representing A Cube ‘
While depicting 3D shapes we try to show all the faces.

Those on the front as well on those of behind the faces in
front. Cubes and Cuboids have 6 faces. They have 8 edges.

How many vertices do they have? Fig. 1

Opening A Three Dimensional Shape to make a 2D
Shape

1. Surface Area of A Cube:

Take a closed chalk box and open it as shown in the figure.

Now write down the number of faces, vertices and edges.
Are all the faces congruent?

1 (2] 3| 4] Wefindthatall the faces of chalk box are of the same size, i.e.
they are all congruent. Such a shape is called a cube.

Fig.2 (i)
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Ifthe length of the side of a square is 'a' then it's area would be a?.
Can you find out the area of all the surfaces?

Hamid- I can add the area of 6 faces and find the total surface area.

Total surface area of the cube =a’+a>+a?+a’>+a>+ a?
=6a’
Try This
1. Take a card board sheet and make a cube of side 8 cm.

2. Thelength of the edge of a cube is 4 cm. By how many times will the total surface
area increase, if the length of the edge is increased to 8cm.

2. Cuboid

Take a box of toothpaste and open it as shown in the picture.

—) f——

Fig. 3 (ii)

Now write down the number of faces, edges and vertices it has.
Are the lengths and breadths of faces 1 and 3, 2 and 4 and 5 and 6 the same?

We see that for a toothpaste box, the opposite faces have the same measure i.e.
they are congruent. Such a shape is called a cuboid.

Surface Area of a Cuboid
H

1 Fig. 3 (i)

Locate some cuboid shaped objects around you and draw their figures D

in your notebook. Name their vertices.
How many sides does each have (Fig.4)?

Which faces of the cuboid are equal to each other and E 5

rectangular? A°
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G How can you find the total surface area of'a cuboid?
b Jaspal said that we can obtain the total surface area by adding
l area of all the rectangular surfaces.
C
5 . . Neha calculate the total surface area of a shoe-box.
a—1 hI_ P She wrote / for length, b for breadth and /4 for height
b_| 5 on the surfaces. Then she calculated the area of each surface
Ho. ... L. Al b F seperately and added them. (Fig.5).
: C A
h. : You also do the above task and see if you get the same.
B b b So the total surface area of a cuboid =h/ + /b + h/ + /b +
1 F hb + hb
Fig. 5
=2/b+2/h+2bh
=2 (/b + [h + bh)
Try This

(9]

How will you find the total surface area of a cube using the formula for a cuboid?

What is the total surface area of a cuboid whose length is 6 cm, breadth is 3 cm
and heightis 2 cm.

Do you know which of the faces of the cuboid are the lateral faces?

(@)

The four side faces of the cuboid (excluding the top and bottom faces) are
the lateral faces.

B
Fig. 6 How will you find the surface area of the lateral faces of a cuboid?

Ajit- I can add the areas of faces ABCD, EFGH, BFGC and AEHD and
that is the area of the lateral faces of the cuboid.

Monika- Yes, if we do this, the area of lateral faces of a cuboid =2h/+ 2 hb
=2h(/+Db)
Can you now find the area of the lateral faces of a cube?

The area of lateral faces of a cube =4 a*(why?)

Think and Discuss

Keep your mathematics book as shown in the
pictures and find out its total surface area (Add the

third position yourself).
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Volume of Solid Objects

Take a glass tumbler, fill it with water till the top. Now put 2 pieces of lemon in it.
What do you see? Some water will flow out of it. This tells us that lemon takes up
some of the space in the tumbler. In the same way all solid objects occupy space.

Ifa hollow object filled with a fluid like water or air then the fluid will take
the shape of that object. In that case the volume of the fluid gives us the volume of
that object or capacity of the object.

The milk pot (patila) can contain more
) milk then in the bowl (katori). Is the
Volume of Cuboid capacity of the

) patila more than
Is the volume of the room more than the volume of the almirah e e il

kept in the room? Or which has more volume, the pencil box or
the pencils and eraser kept in it. Can you find the volume of some

of'these objects?
We use the unit square to measure the / @

area of any surface, similarly we use the unit cube A pencil box occupies more
to find the volume of a solid because the cube is spacethanapencil oran eraser,
the simplest solid shape. To find the area we which means the volume of the
divide the surface into unit squares. Similiarly, to pencil box is more.
find the volume of a solid we will divide it into \ :

unit cubes.

1 cubic centimeter =1 cm x 1 em x 1 em =1 cm?
1 cubicmeter =1m x 1lm x1m=1m?
Volume of a cuboid - surface area of the rectangular base x height
=A xh = [ x b X hunit cubes
Here A is the area of the surface of the base of the cuboid and 4 is its height.

Volume of Cube
We know that cube is a special kind of cuboid whose length, breadth and height are equal
i.e./=b=h=a (suppose)
Volume of cube = Side x Side x Side
=axXxaxa
=a’cubic unit

Where a is the side of the cube.
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To find the volume of a solid object using unit cubes is very convenient. The meaning
of cubic unit of volume is number of unit length cubes included in it.

ExamvpLe-1. A cuboidal room has a length of 12 meter, breadth of 8 meter and height 4
meters. If the rate of white washing is Rs. 7 per sq m then how much money
will be spent in painting its 4 walls and the ceiling?

Sorution @ The length of the room /=12 m, breadth b =8 m and height i =4 m
Since the room is a cuboid therefore,
the area of four walls of the room = perimeter of the base % height of the room
=2 +b)yx h
=2(12+8) x 4=160sqm
Area of'the ceiling=1/x b =12x8=96sqm
.. Total area which needs to be while washed =160 +96 =256 sqm

The rate of white washing is Rs. 7 per Sq. meter, therefore the cost of white washing the
walls and the ceiling,

= Total area to be white washed x 7

=256 x7=Rs. 1792

Try This

Measure the length, breadth and height of your classroom with your friends. Then find
out:-

@) The total surface area of the walls excluding the windows and doors.
(i1) If the room is to be white washed, then what is the total area that will need to be
white washed.

(iit) What is the rate for white washing in your town/village? Using that what would be
expenditure on getting the walls of the room white washed.

ExamvpLE-2.  Anwar got a cubical water tank (with a lid) constructed on the terrace of his
house. The length of outer edge 1.8 meter. He wants to put square tiles of
side 30 cm on the entire surfase barring the base of the tank. If the cost of
putting a dozen tiles is Rs 396, then what is the total expenditure that Anwar
will incur?
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Sorution @ Since Anwar wants to get the five outer faces of the water tank tiled, therefore
to find the number of tiles we need to find the surface area of these five surfaces.

Outer length of the cubical tank a=1.8 m =180 cm
- The area of the five faces of the tank =5 g?

=5x 180 x 180sgecm ... (1)
Area of each square tile =side x side
=30x30sqecm ... (2)

Area of the five faces of the tank
Area of each tile

- No. oftiles =

_ 5x180x180
30x30

Cost of putting one dozen tiles =Rs. 396

) _ 396
.. Cost of putting one tile = 7 =Rs. 33

So, the cost of putting 180 tiles =180 X 33 =Rs. 5940

ExampLe-3.  While playing with some cubical blocks, William made the structure shown
in the picture. If the side of each cube is 4 c¢m, then find the volume of the

structure made by Willam.
Sorution :  Since the length of each side of cube, a =4 cm
- Thevolumeofeachcube =a x ax a g{
=4 x4 x4
=64 cubic cm

Cubes used in the structure = 15

.-, The volume of the structure = 64 x 15 =960 cubic cm

Try This

Find the area of any rectangular sheet of your book. Now measure the height of the book
and thus find its volume. In a shelf of an almirah in your school's library, how many such
books can be placed? Do you read newspaper in your school every day? Now instead of

the book, consider the almirah is filled with newspaper and do the same estimation and

find out in how many days the almirah will be filled with newspapers?
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Exercise - 15.1

The total surface area of a cube is 1350 m?, find its volume.

The volume of a cuboid is 1200 ¢, Its length is 15 ¢m, breadth 10 cm Find out its
height?

3. What would the total surface area of a cubical box be if :-
0] each side is doubled?
(i1) each side is tripled?
(ii1) each side is made n times?

4. The perimeter of the largest room in Priyanka's house is 250 m. The cost of white
washing its four walls at the rate of Rs. 10 per sq m cost is Rs. 15000. What is the
height of the room. (Hint : Area of four walls = lateral surface area)

5. The length of the side of a cubical box is 10 cm. There is another cuboidal box with
its length, breadth and height being 12.5 ¢m, 10 cm and 8 cm respectively.
0] Which box has more lateral surface area and by how much is it more?
(i1) Which box has less total surface area and how much less?

6. The population of a village is 4000. Each person in the village requires 150 litre of

water every day. There is a water tank in the village with length, breadth and height
20m, 15 m and 6 m respectively. If this tank is filled to the brim with water then for
how many days, the water requirement would be met?

7. Ariver 3 meter deep and 40 meter wide is flowing at the rate of 2 km per hour. Can
you find out the volume of water going to the sea per minute?

8. The total surface area of a cuboid is 3328 m?. Ifthe length, breadth and height are
intheratio4 : 3 : 2, then what will be its volume?

0. A cuboid is made by joining the edges of three identical cubes each having a volume
of 125 e¢m?. Find the total surface area of the cuboid thus formed?

10. A water body is of cuboidal shape of (Cuboid is a right angled parllelo pipped). Its
length 20 m. When 18 /. water is taken out of the water body, its level goes down

by 15 ¢m. Find the breadth of the water body.
(Hint : 1 Litre = 1000 ml, 1 ml=1 cm?®)

11. A 10 meter long, 4 meter high and 24 cm thick wall is to be constructed in an open
ground. Ifthe wall is to be built using bricks of the size 24 cm x 12 cm % 8 cm, then
how many bricks will be needed?



12.

13.

14.

15.

‘ Cuse AND CuBoiD

Find out the expenditure on digging a cuboidal pit of 8 m length, 6 m width and 3 m
depth. If the cost of digging is Rs. 30 per cubic meter.

The dimensions of a godown are 60 m x 25 m x 10 m What is the maximum
number of wooden crates of dimensions 1.5 m x 1.25 m % 0.5 m that can be
stacked in this godown?

A solid cube of side 12 c¢m is cut into 8 identical cubes each having
the same volume. What will be the side of the new cubes? Also find
out the surface area of both the cubes?

Mary wants to keep her christmas tree in a wooden box covered
with coloured paper. She wants to know how much paper she needs
to buy. The above mentioned box is 80 ¢m long, 40 cm wide and
20 cm high. And if the paper is 40 cm square sheets then how many

sheets are needed.

What Have We Learnt

Cube is aregular hexagonal solid object. It has 4 lateral faces and 8 vertices.
Ifthe side of the cube is of length 'a’ then
The total surface area of the cube = 6a’

Lateral surface area of the cube = 4a°

Volume of'the cube =a

Ifthe length of a cuboid is '/', breadth 'b' and height '4' then
Total surface area of the cuboid = 2(lb+bh+lh)
Lateral surface area of the cuboid = 2h(l+ D)
Volume of the cuboid =[bh

Solid objects that have more volume occupy more space.




STATISTICS

Let us know the history of statistics.....

Statistics has being used in India since ancient days. As early as between 321 BC to 296 BC, we find in Arthshastra
written by Kautilya the use of data in a variety of ways. This book describes in detail the agricultural data, figures for
rural and urban population as well as economic data and the processes how they were collected during Maurya dynasty.
This process of collecting data continued in the times of Mughal Emperor Akbar as well. Abul Fazal in his book
‘Aina-E-Akbari’, written around 1596 — 1597, describes this process of data collection and its use.

In the British period, East India Company needed to keep a record of its accounts as well as detailed information
about the areas under its control. In 1807, the company got a survey done in its states. This survey included one crore
50 lakh people spread over 60,000 square miles area. This report included information on many significant aspects. The
more important of these include the geographical description of each district, the religion as well as rites and rituals of
the citizens, the natural wealth of the country, fisheries, agriculture situation and industrial situation. A government
officer, A. Shakespeare, presented in 1848, the first census report. This was related to the area and the revenue of all
districts of the Northwest province. The first effort to collect the detailed census data of India was made in the years
1867 to 1872. The first nationwide census took place in 1881. Since then nationwide census is being done every 10 years.

After independence the need for an appropriate statistical structure was felt for the economic and social
development of the country. Prof P.C. Mahalanobis was the first statistical adviser to the Indian cabinet in 1949. His
contribution to development of statistics in India is unforgettable. Prof Mahalanobis was the founder director of Indian
Statistical Institute set up in Calcutta in the year 1932. This was declared as an institute of national importance in 1959.
Besides this in 1949, Central Statistical Organisation was set up. From the 20" century to now, efforts to develop
statistical methods, concepts and uses are continuing.

It appears that the word Statistics comes from the Latin word ‘Status’, which means political state or
administration.
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Knowingly or unknowingly we keep using data all the time. We organise the information
from our prior experiences, analyse it and draw conclusions. For example in the month of
July if the sky is cloudy and the wind blows from the east, we say that it would rain today.
Similarly people who travel know that some trains generally come on time but there are
some that are often late. While buying pulses, wheat grain, rice etc., we examine a small part
of the material and decide if it is worth buying or not. In the cricket match we consider the
rate at which runs are being scored and at what rate they are further required etc. In the
newspaper every day we look at the maximum and minimum temperatures, average humidity,
time for sunrise and sunset etc. Being able to see these data with comprehension and drawing
conclusions from it helps us analyse better and to make better judgements.

Individuals, families, panchayats, State and Indian Government and all other
institutions and organisations use data for taking decisions and planning. The better our
ways of collecting and organising data and the sharper our analysis is, the better would be
our decisions and their implementation.

Data Collection and Representation

Suppose you have 30 students in a class and you are asked to collect the following data
how will you go about it?

1. Information about the blood group of each student of the class.
2. The number of students of the class who come walking and those who use other
means

Students of a class started collecting this data. They decided to do this in two
groups. Each group went to every student and asked about their blood group and the
means of transport to the school. Group 1 made the following table:-

TABLE -1

Rh* Rh~ Rh* Rh- Rh* Rh~ Rh* | Rh-
L1 (11 LAT 11 [T 11 Il L1 |




Group 2 made the following table:-

TABLE -2
On Foot Bicycle Scooter Bus Others
T 1 1] T L1 W1 I Il

Frequency Table

In order to understand the collected data better Group 1 re-organised the data and made

table-3:-
TABLE -3
Blood Group Tally Mark In Number
to Count
AT L 5
A 1] 3
B* AT 11T 9
B [T 4
AB” 1] 3
AB- I 2
o" 1] 3
O | 1
Total 30
In this table along with the

tally marks the frequency

count is also written as a

number, for example 9

written opposite B shows

that there are nine people

who have the blood group

B". In the same manner the

other numbers show the

frequency of other blood

groups. Such a table is

called frequency table. The

group then made a bar

diagram based on the table.
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1. Write any five conclusions that can be drawn from the bar diagram.

2. Similarly also represent the data of group -2 as a bar diagram.

3. Make the attendance table for the students of your class in the month of January
and answer the following:-

(1) Onwhich day was the attendance maximum?
(i) When was the attendance minimum?  (iii) Write some more conclusions.
4. From hockey, cricket, kabbadi, football and volleyball, which is the sport your

class fellows like the most? Collect data for this and make a frequency table to find
the answer to the following-

(1) Which is the most popular sport?
(i) Which sport is liked by less children?

Place in Ascending and Descending Orders

Our data may have values which are repeated or may not. If the data is not large then we
can draw conclusions by simply placing it in ascending-descending order. For example-

In a class the marks obtained in mathematics exam of 15 students out of 100 are as
follows:

45, 35, 56, 22,99, 71, 80, 63, 42, 36, 18, 77, 54, 82, 41
Writing these in ascending order-

18, 22, 35, 36, 41, 42, 45, 54, 56, 63, 71, 77, 80, 82, 99
Writing in descending order-

99, 82, 80, 77,71, 63, 56, 54, 45, 42, 41, 36, 35,22, 18
Now you can answer the following:-

1. What is the lowest and the highest marks obtained.

2. What is the difference between them?

Discuss with your friend and find out some more conclusions can be drawn from
the data.

Grouped Frequency Table

1. Inclusive Class

When the number of data points is large and they have a large range between their maximum
and the minimum then frequency table will be very large. In such situations instead of finding



the frequency of one number and find the frequency of small groups. (We will call these
groups classes)

In a 50 over match the number of runs made by a team in each over is given
below.

7, 8, 2,5, 7,12,6, 20,18, 9, 11, 5, 19, 10,3, 6, 12, 8,16, 0, 12, 7, 8, 11,15,
13,4, 7, 1,22,2, 17,1, 6,21,4, 9,15,0, 5, 1, 9, 26,10, 14, 3, 16,2, 6, 8

When we make a frequency table for this data we will need to find the number of

overs in which no runs were scored, the number of overs where one run was scored etc. In

this way we will have to go up to 26. This is because in one over 26 runs were scored. This
would be a huge table.

ExampLE-1.

Can we therefore reason in the following manner:-

How many overs in which runs from 1 to 6 were scored? How many overs in which
runs from 7 to 12 were scored?

And in the same manner number of overs in which 13 to 18 or 19 to 24 and then 25
to 30 runs were scored. They call these groups classes. Depending upon our needs the
groups can be smaller or bigger. In this example you can choose the groupstobe 1 to 4, 5
to8,9to 12 or from 1to 5, 6to 10, 11 to 15 etc. You could choose any other group size
aswell.

How do we find out the frequency of these groups?

From the above suggested grouping choose anyone. Look at the number of runs
made in each over. Put a tally mark in the appropriate group. Do this for all the 50 overs.
You will get the following frequency table:-

TABLE -4
Number of runs scored Tally mark Number of overs (frequency)
0-4 LHT AT 1 12
5-9 AT AT LT 1 18
10-14 AT I 09
15-19 AT 1 07
20-24 1] 03
25-29 I 01
Total 50

While using such tables we use some terms, for example class interval, lower class
limit, upper limit, centre point, inclusive class, non-inclusive class etc. Let us try to under-

stand these.

In the above example 0-4, 5-9, 10-14 etc., are all classes.
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Look atany two classes of this frequency table. You will find that the lower limit of
the next group starts where the upper limit of the first group ends. This means that the upper
limit of any group is not the same as the lower limit of the next group. These groups/ classes
are called inclusive because the lower and upper limits are both included in that group. The
group 0 to 4 includes overs in which 0, 1, 2, 3, 4 runs were scored. There are five such
situations and hence the class interval is also 5. In the same manner the group of 5 to0 9,
includes overs in which 5, 6, 7, 8, 9 runs were scored, the class interval here is also 5. For
the first group 0 to 4 the lower limit is 0 and the upper limit4. Similarly, the other groups the
lower limits are 5, 10, 15, ..... and the upper limits are 9, 14, 19... In each group the
difference between the lower and upper limit is 4.

. . 0+4
The midpoint of the class 0 to 4 is =5 =2
549 14
and of class 5to 9 272327

We can similarly find the midpoints of other classes which are known as class marks.

Look at the frequency table given below. The heights of a group of people is re-
corded in inclusive classes:-

TABLE -5
Class Interval 141-150 151-160 161-170 171-180 | Total
(Height in Centimetre)
Frequency 9 11 15 10 45

Now discuss the following questions with your friends:

How many classes are there in this frequency table?

Which group has 180 as its upper limit?

What are the lower and upper limits of the class 151 to 160?

Which class has the highest frequency?

What is the frequency of the first class?

What is the meaning of the statement that the class 171 to 180 has a frequency 10?

N Db =

Are these classes inclusive? Yes or no, give reason for your choice?

This table helps to show the data in a simple and concise form and we can see the
main features of the data at a glance. Such a table is called grouped frequency distribution
table.

2. Exclusive Class

Intable 5 above you saw that the number of people having heights between 141to 150 cm
isnine. The number of people with heights between 151 to 160 cmis 11. Ifthereisaperson
who has aheightbetween 150 and 151 ¢m which group would you place that person in?



Similarly ifthe height ofa personis 160.4 or 160.6 cm which group would you place that
personin?

For this we will have to examine the way we are building the classes. Can we do
something such that the upper limit of one group is the lower limit of the next group so that
there is no gap in between? For example:-

ExampLe-2.  The weights of class IX students were measured, the data is shown in the

following frequency table:-
Weight (In kilograms) 30-33 33-36 36-39 39-42 | 42-45
Frequency (No. of children) 4 9 12 7 3
ExampLe-3.  The monthly income of all families of a village is given below:-
Income (In rupees) 0-1000 [ 1000-2000 [ 2000-3000 [3000-4000
Frequency (No. of families) 12 30 13 5

These are examples of exclusive classes. Such an arrangement sometimes creates
aproblem. For example if a family has an income of Rs.2000 per month, then in which
group it will be placed, in group 2 orin 3? Similarly in example 1, if the weight of a child is
exactly 39 kg then which group would she go in?

In such cases it is assumed that whenever the value is equal to the value of the upper
limit of a group, it will be placed in the next group. On this basis we can say that the family
with income Rs.2,000 would go in class 3 (2000 —3000). And the 39 kg child would be
counted in class 4 (39 - 42).

Changing Inclusive Classes to Exclusive Classes

When inclusive classes are changed to exclusive classes then lower limits of all class are
decreased by half'the class interval between classes and the upper limit is increased by the
same amount.

TABLE - 6
Inclusive Classes Exclusive Classes
Class Interval Frequency Class Interval Frequency
6-10 8 55-10.5 8
I1-15 11 10.5-15.5 11
16 - 20 10 15.5-20.5 10
21-25 15 20.5-255 15
26 - 30 6 25.5-30.5 6




. DamHawuneawoAwass
As can be seen in this example the difference between the lower limit of one group and
upper limit of the next group is 1 (The second group has a lower limit of 11, which is one
more than the upper limit of the lower group.) Thus half of this that is 0.5 is subtracted from
all lower limits and 0.5 added to the upper limit values. That makes the lower limit in the first
group to be 5.5 and the upper limit to be 10.5. Similarly for the last group the limit are 25.5
t0 30.5. The class interval remains 5.

‘ Try This
Change the inclusive classes of Table 5 to exclusive classes and add two people with
heights 150.5 cm and 160.5 cm to the data.

ExampLe-4.  The class marks of a distribution are 104,114,124, 134, 144, 154 and
164. Find the class size and the class limits.

Sorution @ Theclass size is the difference between the adjoining class values.
Thus the size of the class is 114 —104 =10

We need classes of size 10 whose mid points are respectively 104, 114,124, 134,
144, 154 and 164.

Therefore the lower limit of the first group is = (1 04 - %) =99

1
The upper limit of the first group is = (1 04 + ?Oj =109

The other class interval values would be

99-109, 109-119, 119-129, 129-139, 139-149, 149-159, 159-169

‘ Exercise - 16.1
1. Explain the following:-

Class interval, size of a class, class mark, class frequency, class limits

2. Give the difference between inclusive and exclusive classes.

3. The weather department has given the following as the data of maximum temperatures
in August for Delhi. Make a frequency table of this data.

32.5,33.3,33.8,31.0, 28.6, 33.9, 33.3, 32.4, 30.4, 32.6, 34.7, 34.9,

31.6,35.2,33.3,33.3,36.4,36.6,37.0, 34.5, 32.5, 31.4, 34.4, 33.6,
37.3,37.5,36.9,37.0,36.3, 36.9, 36.9
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The following are the distances of the work places of 40 teachers from their homes:-
7,9,5,3,7,8, 10,20, 3, 5,11, 25, 15,12, 7, 13, 18, 12, 11, 3
12,6,12,14,7,2,9,15,6,15,17,2, 16,32, 19,10, 12,17, 18, 11

Make a frequency distribution table of class size 5 for this data.

The value of Piup to 50 places of decimal is given below-
3.14159265358979323846264338327950288419716939937510

i Make a frequency distribution table of the digits from 0 to 9 occuring in this
expansion.

i. Which is the number that occurs the least?
i.  Which is the number that occurs the most? What can we conclude from this?

The per hectare production of rice in 40 fields of a village in quintals is given below,
make a frequency distribution for this data.

31,20, 25, 18, 28, 20, 18, 26, 15, 12, 25, 16, 30, 20, 22, 24, 45, 28, 30, 16,
30, 40, 20, 30, 20, 30, 28, 47, 40, 35, 28, 45, 20, 35, 32, 18, 20, 26, 23, 16
Write the conclusions that you draw from this freqency distribution table.

40 children were asked about the number of hours they watched TV in the previous
week, their responses were:

1,5,6,2,7,4,10,12,5,8, 10, 12, 36, 22, 6, 15,3, 1, 2, 4, 21, 16, 17,
13,14,2,7,9, 23, 26, 31, 33, 5, 35, 25, 26, 29, 30, 9, 31

1. Make a frequency distribution table of class size 5.
ii. Whatis the lower limit of the first class?

iii. Give the limits of the fourth class

iv. Whatis the class mark of the 7" class

v. How many children watched television for 20 or more hours in the week?

The Pictorial Depiction of Data

There is a saying that “a picture is better than thousand words” The comparis of different
sets of data can be represented with the help of graph. We will discuss the following diagrams

here:

(1) Histograms
(i) Frequency polygons

(iii) Cumulative frequency curve or ogive
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Histogram

This is a simple and elegant method of displaying frequency distribution. While constructing
this class interval (the independent variable) is taken on the X axis and the frequencies
(dependent variable) is shown on the Y axis. In this we make rectangles with the class
interval as base with height in proportion to the frequency of that class. Thus we see a
continuous series of rectangles with equal bases. The areas of these rectangles are proportional

to their corresponding frequencies.

ExampLe-5.  The marks obtained by 16 students of a class
in an examination are given below:-

Marks Obtained Frequency
10-20 1
20-30 4
30-40 3
40-50 2
50-60 6

Plot a histogram for this data.

Sorution : We follow the following steps for plotting the histogram:-

STEP-1  Take a graph paper, draw two perpendicular axis on it and show them as the X

and the Y axis.

STEP-2  Along the horizontal axis we will show the class values (marks obtained). Here
we have used 1 square = 10 marks.

STEP-3  Onthe perpendicular axis we shall display the frequency (the number of students

with those marks). Here 1 square =10 student.

In this way we get the desired histogram.

Histogram for Unequal Class Intervel

Now we consider this different situation. The marks obtained out of 100 by students

ofaclass in science are the following:-

TABLE -7
Mark Obtained 0-20 | 20-30130-40]140-50150-60 |60-70| 70 or more
than 70
Number of Students 08 10 12 10 09 11 09
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It is clear from the following table that
number of students getting less that 20 is 8 and
of those getting more than 70 is 9. The data is
presented in unequal class intervals. The first
interval has a size 20, the last has a size 30 and
the rest have class size of 10. A student makes
the histogram of the above data as shown in the
adjoining diagram. Is this depiction correct?

The class interval is unequal here. To make
a bar diagram we would have to change them
to equal class intervals, for example in the first
class

Ifthe class interval is 20 then the height of
the rectangle/bar is 8

.. The area under the curve therefore is

8
=—x10 _
20 =4

Similarly, for the last class, the interval is 30 and
hence the length of the rectangle/bar would be

9
=20 x 10 = 3 and since the other class

intervals are 10 only we do not have to make
any changes in them. We can therefore change
the heights of the rectangles in the following way.

Length of the rectangle
Frequency Minimum class

~"Width of that class - width in the data

In this way for each class we find the height
of the rectangle with a class size of 10.
Therefore, the corrected histogram with
modified lengths of rectangles would be as given
below.
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Graphical Method to Locate Mode

The histogram of data with exclusive classes can be used to T
find out mode as well, for example:- i

TABLE -8

Class Frequency

0-10 3
10 - 20
20 - 30
30-40
40 - 50
50 - 60

W 9 W

—

Step-1 Make the histogram for the above data.

Step-2 The rectangle with the maximum height is taken to be the modal class for the
data. Join the upper right cornerof the model class to the right edge of previous
rectangle and join the upper left corner of the model class to the left edge of the
next rectangle.

Step-3 Draw a perpendicular line to the X axis from the intersecting point.

Step-4 The point at which the perpendicular line meets the X axis is the mode of the
data and it is 24, hence the mode of the data is 24.

Frequency Polygon

Another way to depict a classified frequency distribution is to make a
frequency polygon. To construct a frequency polygon we make a bar/
rectangle on each class interval and the middle points of the upper sides of
the rectangles are joined using straight lines. This diagram has many sides
and hence is called frequency polygon. Frequency polygons are made in
two ways.

1. Using histograms
2. By direct method




1. Constructing Frequency Polygon using a Histogram

TABLE -9

Class

5-10 10-15 15-20 20-25 25-30

Frequency

2 5 7 4 3

Think and Discuss k

The areas of the frequency polygon and of the histogram are the same, Why?
(Hint : Use the property of congruency of triangles)

There are the following steps in this method:

Step-1 Make a histogram from the frequency descriptions.

Step-2 Mark the mid points B, C, D, E, F on the upper
edge of each rectangle. Join these mid points
sequentially using straight lines.

Step-3 Now take the class intervals before and after the
data distribution. Namely here for example, the
intervals 0-5 and 30-35. Mark the mid points of
these intervals on the X axis. These would be at
2.5 and 32.5 respectively. Call these A and G
respectively. Join B to A and F to G. The required
polygon is ABCDEFG.

Constructing Frequency Polygon by Direct Method

TABLE -10

Class

5-10 10-15 15-20 20-25 25-30

Frequency

2 5 7 4 3
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This method has the following steps:-

Step-1 First find the class marks of each class. i i
Class Frequency Mid-Point 1 %
5-10 2 75 . :
10-15 5 12.5 $
15-20 7 17.5 i ﬁ L
20-25 4 22.5 i B
25-30 3 27.5

Step-2 We will plot the mid points on the X-axis and
the frequencies onthe Y-axis. Mark the mid
points on the X-axis.

Step-3 Mark the points B, C, D, E, F using the
corresponding frequency.

Step-4 Mark on the X-axis the midpoint 2.5 (point A) of the class 0-5, that lies before
the first class and the midpoint 32.5 (point G) of the class 30-35, which is after
the first class. We have marked them on the X-axis because their frequencies
are zero.

Step-5 Join all the marked mid points sequentially.
Step-6 The figure ABCDEFG obtained is the frequency polygon.

Note : Frequency polygon shows the increase or fall in the value of the frequency.
Using this we can estimate the value of the frequency for any particular point.

For example for 15 on the X-axis the corresponding frequency would be 6.

Difference between a Histogram and a Frequency
Polygon

Histogram Frequency Polygon
1. Shows the frequency using bars. 1. More useful since it indicates the increase
or fall in frequency. Frequency is shown as
apolygon in this.
2. Frequencies are assumed to be 2. Frequencies of the class are assumed
distributed over the entire interval. to be located at the midpoint.
3. Itcanbe constructed forequal or | 3. This can be made only for equal class
unequal class widths. widths.




Ogive or Cumulative Frequency Curve

The graphical depiction of the class and its associated cumulative frequency is called cumu-
lative frequency curve or Ogive. The graph of the cumulative frequency curve is plotted ina
manner similar to the way frequency polygon is made.

There are two ways to plot the cumulative frequency curve:

1. "Less than" method

"More than" method

1. "Less than" method: The cumulative frequency of a class is the sum of the fre-
quency of that class and frequencies of all the classes before it.

Based on following table let us try to plot the "less than" cumulative curve:-

TABLE -11
Class 0-5 5-10 10-15 | 15-20 | 20-25
Frequency 4 15 10 12 09
SOLUTION : Cumulative frequency for "less than"
Class Frequency| Cumulative Frequency
i less than 0 0 0
less than 5 4 4
o less than 10 15 19=(15+4)
less than 15 10 29=(10+15+4)
less than 20 12 41=(12+10+15+4)
less than 25 9 50=(9+12+10+15+4)

2. "More than' method : The cumulative frequency of the class is the sum of the
frequency of that class and frequencies of all the classes
following it.

Based on following table let us try to plot the "more than"
cumulative curve:-

Clas Cumulative Frequency

More than 0 50 = (4+15+10+12+9+0)

More than 5 46 = (15+10+12+9+0)

More than 10 31 =(10+12+9+0)

More than 15 21 =(12+9+0)

More than 20 9 =(9+0)

More than 25 0
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Importance of Cumulative Frequency Curve or Ogive

Cumulative Frequency Curve or Ogive is used in study of data in many ways.

For example:-

1. When you want to extrapolate the data to one below or one above the given data.

Ogive is used for comparative study.

3. Ogive is used to find the measures of central tendency like- median, first quartile,
third quartile etc.

4. We can also find out the value of the variable which is included in the special
cumulative frequency.

1. Choose the correct alternative from the following:-

@

(ii)

(iif)

(v)

V)

Inaninclusive class:-

a)  Boththelimits are included in different classes

b)  Both the limits are included in the same class

c) Itisnotdecided in which class the limits are included
d) None ofthe above

Method to make the cumulative frequency table is:-

a) Lessthan b)  More than

c) Bothaandb d) None ofthe above
Using the histogram we can find out

a) Mode b)  Median

c) Bothaandb d)  None ofthe above
Using the cumulative frequency curve we can find out:-

a) Mode b)  Median

c) Bothaandb d) None ofthe above

The width of the rectangle in a histogram depends on:-
a) Classinterval oftheclass b)  Class mark

c)  Ontheclass frequency d)  Onall ofthe above




The time taken (in second) by 25 students in doing a question is as follows:-

16, 20, 26, 27, 28, 30, 33, 37, 38, 40, 42, 43, 46,
46, 46, 48, 49, 50, 53, 58, 59, 60, 64, 52, 20

(1) Make frequency table of this data using a class interval of 10 second.

(i) Make a histogram depicting this frequency distribution.
(@) Use the histogram to make a frequency polygon.

The length of 30 leaves of a plant is given in milimetre below:-

Length of leaves | 111-120(121-130|131-140 [ 141-150|151-160]|161-170
(in mm.)

Number of leaves 3 5 7 9 4 2

(1)  Make a histogram to depict the frequency distribution.
(Hint: Make the class intervals continuous)

(i) Make afrequency polygon using the direct method.

(i) Inwhich class the number of leaves is the largest?

The number of runs made by two teams A and B in a 10 over (60 ball) match is
given below:-

Number of Balls Team A Team B
1-6 3 6
7-12 2 6
13-18 7 1
19-24 8 10
25-30 3 6
31-36 8 5
37-42 5 3
43-48 11 4
49-54 6 7
55-60 2 11

Use the above data make a frequency polygon on one graph paper.

(Hint: First make the class intervals continuous)
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5. The frequency distribution of marks obtained by 100 students is as follows:-
Marks obtained 0-10 | 10-20 | 20-30 | 30-40 | 40-50 [50-60] Total
Number of students 7 10 23 51 6 3 | 100

Make a cumulative frequency curve using the above data.

6. Make the frequency table and the cumulative frequency curve for the following data:-
Marks Obtained Number of Students
less than 10 3
less than 20 8
less than 30 12
less than 40 19
less than 50 31
less than 60 42
less than 70 60
7. The marks obtained by two groups of students in a test are given below:-
Class Interval Group A Group B
50-52 4 8
47-49 10 9
44-46 15 10
41-43 18 14
38-40 20 12
35-37 12 17
32-34 13 22
Total 92 92

Make frequency polygons for each of these groups on one graph paper.

 WhatHave We Learnt

Observation collected for a specific purpose is known as data.

When the number of observation is more we use tally marks to find the frequency.

The number of times a particular observation occurs in a data is called the frequency
of'that observation.
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The table showing the frequencies of different observations in the data is called
frequency distribution table or the frequency table.

When the number of observations is very large then we organise data in groups.
These groups are called classes and the data is referred to as classified data.

The histogram is a graphical representation of classified data. In this rectangle is
drawn for each group with X-axis showing the class width and heights on the Y-axis
corresponding to the frequencies.

If we mark points using the mid-points of the classes as the X-coordinates and the
corresponding frequencies of the classes as the Y-coordinates, then the polygon
made joining these points is called the frequency polygon.

When we find the total number of observations up to the lower limit of all the class
intervals, we obtained the ascending cumulative frequency.

Ifin a classified frequency distribution the class intervals are different, that the
rectangles in the bar graphs would have to be constructed using frequency density.

Class frequency

Frequency density = Class width x Lower limit of the data

For the same data, the area of frequency polygon and cumulative frequency graph
are equal.




1. Right pair 2. (1)b(2)10%
Bharti Krishnateertha ~ — Vedic Mathematics 3. Aaryabhatt, Aaryabhatiya
Varahamihira — Panch Siddhanta 4. Beej Ganit
Brahmagupta — Brahmasphoot Siddhanta 5. 16
Bhaskaracharya — Siddhanta Shiromani
Aaryabhatt — Aaryabhatiya
2.6,2,7,9, 7,3, 1,2, 4,4, 3. 2,357 D
1. 736 2. 2288 3. 3404 4. 3025
5. 39483 6. 96048 7. 311472 8. 367836
1. 5643 2. 43775622 3. 86913 4. 34499655
5. 432 6. 9447543
1. 221 2. 616 3. 1224 4. 9009 5. 1225
6. 2016 7. 5616 8. 9021 9. 11024 10. 11025




11. 42021 12. 164025 13. 255016 14. 366021 15. 497024
16. 819025 17. 38021 18. 87016 19. 156016 20. 245025

Exercise - 1.6

1. 169 2. 10608 3. 11130 4. 9212

5. 12444 6. 10272 7. 1016048 8. 972052 9. 1013968

Exercise - 1.7 k

225, 625, 1225, 2025, 3025, 5625, 7225, 9025, 11025, 13225.

Exercise - 1.8 k

(1) 1156 (2) 361 (3) 2916 (4) 4096 (5) 8464.

Exercise - 1.9 k

114, 196, 10404, 11025, 11664, 8836, 992016

Exercise - 1.10 k

(1) 97 (2) 87 (3) 91 (4) 57

(D 43> +21x+5 2) 12x? + 18xy + 6)2 3 x¥*-9
4 x*+4x+16 B5) x*+53+11x2+11x+4
6) ox*+ 17x%y —2x*+ 12> —y—-20

_ Exercise - 2.1 k

1. (1)1  (ii)Zero (iii) Zero (Note :- There can be several examples of (i) and (iii))

25 26 27 25 26 27 28 29

4747 4 3 427427427427 42
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3334 35 Ao ot mutmbers batwoay =4 =3 =2 89
13°48° 48 5. y four numbers between s 05 0Ty 57
Any thr bers b 21 >

y three numbers between 407 m

) -1 | 2
« T N WA T TN T NN TN W M R
¢ [ | [ >
7 b3l 123 45 607
3 33 33 3 3 3 3 3 3 3 3 3
1 25.2 (Terminating decimal)
(1) 20.9375 (Terminating decimal)
(iii) 3.14285714... (Non terminating recurring)
(iv)  —39.33...(Non terminating recurring)
R ol LI
0 s @ @ )
o0 563 5120
O 5 @ T3 W Tg0 ™) 599
‘ Exercise - 2.2 _
0 186 M 37 q 0
CINAS

W2 +45 3. 3785
o 1 @M 20 @) 7+3V6 (iv) 10—2421
: J5 e V7
) = (i) 3 (iii) ER
S E R 0 e
(l) _119 _11 (11) a—4, =1
() 20+ 3.3 (ii) 16— /3 8. 6

@

‘ Exercise - 3.1 _

32 G 81 Gi) 16




8 G 625

1287 @ -1

8.52x 1072 (i)  8.02x 10"
0.00000502 (i)  0.00000007
Tx10%meter (i)  1.2756x 10’

_ Exercise - 3.2 k

4 G 3

529 (i) 1,331 (i) 441

4 1
2513 .. 133
5 e 3
/512 <64 <81 (i)
243 <3216 < J64 (iv)
Surd (1) No
No v) Surd

_ Exercise - 4.1 k

It is polynomial because the power of variable is whole number.

1. ()
2 )
3 )
4 )
(i)
5 )
()
)
(i)
(i)
(v)
2
2 )

(iif)
(iif)

(iif)
(iif)

(iif)
(v)

(iif)

—9765625
4.196 x 10"

1000010000

8 % 1072 meter

1
3 W 24

4625 < 3343 <100

U128 <4256 < /1000
@)  Surd

It is not a polynomial, because we writes Z + S 8z43 71

i.e. the power of z is not a whole number.

It is not a polynomial, because we writes \/; +2y+3 as yi 12y+3

1

1.e. the power of yis = which is not the whole number.

2

Itis polynomial, because the power of variable is a whole number.

Itis polynomial, because the power of variable is a whole number.

5 G 3 (i) -5

(v)

1 1
> © g



3. ) % S @ V2,7 @ 0,2
4, ) x*+3,3x* +4ete. (i) Vo + 3y +3, £+ 3t =5 etc.
@)  3x° 2, 112° etc.
5, Qo 3 i 9 () 4
@) 3 v 1 o) 0
6. Constant (vi), (x), (xii) Linear (iv), (ix), (xi)
Binomial (i), (vii), (viii) Trinomial (i), (ii), (v)
‘ Exercise - 4.2 _
0 2 @ 4 i) —56 G >
2 i  2,3,36,119 @  —1,0,3,8
L1476 |
(i) 3’333 (iv) 1,0,9, 28 v) 2,1,4,5
3. (1) Yes (i) Yes @ No (iv)  Yes
v) No (vi)  Yes (vii)  Yes
4. @O -6 @ 6 G 0 @G 0 (V) _7
. . 3 . 4
v 2 wi) -5 (i) 509 3

‘ Exercise - 4.5 _

1. ) S5x2+5x+6 (i) 3p*+8p?*—Tp+11 (i) 2x*+7x?-8x-1
2. ) 4y? + 9y power 2 (i) —r*+4r+17 power2

@)  3x*+4x*+ 8 power3

3. (@) 78 — 42 +5¢t (i) —4p*+7p*+8p—12  (iii) 722 — 1022+ 9z + 17
4. 2+ 20 = 3x*+ 1lx+4 5 5

6 X +4xP— x—2 7. —u' +4u— P — u—=6

8 —3yP—y+1 Q. —£ —2t— 11

10. () 2183 +34x2+ 1lx+4 (i) 15x5 — 45x* + 36x3 — 18x2 + 12x
(i) p'&Sp’+p'+3p’&Sp*+3

11. 2x0+ 14x*+3x* - 21x -9 12. 5



() x+(x+1)=11 (i) 2y+y =30 (i) 2z+2z+z=40

i) 2[w+3)+w] =15 ) 2x +3x+4x=18

() x=3 (11) p= ? @) x=2

(v) =2 V) z=1 (vi) x=2
9 7

1 If we add 3 in a certain number, we get 27.

(i) Sneha's age is half at Rajiv's age and sum of both their ages is 18 years.

(i) If we add 2 in any number, then divide the sum by same number, we get 30.

—6
DR G k=4 i) p=5
: _ 88 _7 N o
v = W m= o) =2
o L35 A
i) =15 i) =33 0 y=-

6 meter 2. 15 c¢m, 10 cm 3. 35°, 50°, 95°
3,5 7 5. 20 cm 6. 35

28 and 20 years 8. 15 9. 80, 120
180, 185, 190 1. Rohit = 39 years, Pradeep = 17 years

22 km | hour

i A=6B=9 (i X=5Y=6
(i) L=0M=1,N=8 @) Z=5
&) X=1,Y=4 v) P=4Q=7
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15.

Multiple of 5=9560, 205, 800,

1,4, 7

A=7,B=2; A=3,B=6; A=2, B=7,

(1) Yes
(1) Yes
(1) Yes

Rs. 15800
Rs. 8050

Equal

Rs. 5000

1 Compound interest = Rs. 3248.70,

10.

(ii)
(ii)
(ii)

y

Multiple of 10=9560, 800

3. P=0or5

No

No
Yes

2:3

Rs. 139100
@) Rs.210
Rs. 9500

(i1) Compound interest = Rs.1590,

(ii1) Compound interest = Rs. 2522,

Amount = Rs. 175616, interest amount = Rs. 50616

Rs. 16125
Rs. 37459
Rs. 30250
Rs. 16000

3 years

Rs. 33.80

Rs. 8302.075

Rs. 4840

4.
7.

10.
13.

16.

Rs. 3.15
Rs. 741.90
Rs. 609
4%

L
5 years

33.8%
Rs. 639.35

Exercise - 6.2

A=6,B=3
(i) Yes (iv)  Yes
(i) Yes (iv)  Yes
(i) Yes (iv) No
‘ Exercise - 7.1 _
3. Rs. 190 and 20%
6. Rs. 1900
(ii) Rs. 157.50

y

Principal = Rs. 10248.70
Principal = Rs. 7840

Exercise - 7.2

Principal = Rs. 18522

5.
8.
11.
14.

17.

y

3.
6.

Rs. 131330 9.

Rs. 80
Rs. 544.69
Rs. 6000
5%

Rs. 16000

Exercise - 7.3 _

Rs. 673.11

Rs. 6250
Rs. 12696



12 12 12
sind=—,cosC=—,tan4d=—
() 13 13 5
12 12 12
i sind=—,cosC=—,tanAd=—
) 15 9

_ Exercise - 8.2 [

1. (i) smﬂ—E cose—i cote—i secﬂ—é cosece—é
5 5° 3’ 4’

(i) cosb :E,tane :i, cotfh = E, secf :E, cosech :E
13 12 5
sinu—& tanu—ﬁ cotOL—L seca =3 cosecoa—i
(iii) 3 L Nk ) 2
1 1
; sinf = —,cos = —, tan6 =1, sech = \/5, cosecE):\/E
(IV) \/E \/5
4 4
(v) sind=—,c sA:3 tan 4 = —, cotAzé, secA:é
5’ 5 3 4 3
ﬁ 2
sinf3 =—, :— tan \/5 cot —, cosecph=—=
. 1 3 1 J10
i) sind=—,cosA=—,tand=—, cotA=3, secA=——
(Vll) \/E \/E 3 3
, Ao , 2 . 8
' 841 ' 45 ' 31
2J_ 3 1
5. , 2\/— 2\/— 6 1 7. 7 8 5



i ¢

Bl
(1) 2\5

1
37

(1) False

45°
60°
60°

x=130°,

Z00T = 30°

z=126°

If a+b=c+d will be on a line then

ZABY =122°.

i  x=36°
G  x=29°,
@)  x=95°,

x=126°

60°  5.x=50°,
@ x=59°, y=60° (i)
@) x=18° y=60°  (iv)

() ¢
2 6 _ 6++6
(ii) \ﬁ+2 ar 24 Y0 o 656 (iif) 3
3 3 3
V3 1 3
(v) 4 (vi) - (vii) 3 (viii) 5
(i1) False (ii1) True (iv) True (v) True
A Exercise-84 |
2. 60° 3. 30° 4 30° Gl
6. 0° 7. 60° 8. 60° 2
10. 0° 11. 30°
‘ Exercise - 9.1
y=50°

andreflex /ROT = 250°

360°

=180°

reflex /YBX = 302°

y

y=108°
y=2_8T7°
y=35°
3. /AGE =126°, L/GEF =36°, /ZFGE =54°
y=77° 6. x=280°  y=100°
x=40°, y=40°
x=20° y=63°



8. (1) 140° (i) 100° (i) 250°
10. Strike on mirror and then make the alternate angle /4BC = /BCD , hence
AB| CD.

_ Exercise - 9.5 k

1. ZACB=17°, ZABC =129°, ZDBC =51°
2. () x =40°, y=170° (i) x =50°, y=20°
@)  x=5I°, y=35° @)  x=30° y="75°
3. Z1=160° 4. ZPRQ =065 5. /0ZY =32°, /YOZ =121°
6. /DCE=92° 7. ZSQT =60° 8  x=53° y=37°

_ Exercise - 10.1 k
9 >

1. b 2. b 3. c 4. b 5. c
6. @) R.H.S. (i) SAS @)  ASA
@iv)  AAS v) SSS
7. 25 8. 160 meter (SSS congruency rule)
9. Yes (This is a rectangular shape and the opposite side are equal in rectangle).

10. From A4BC and A4CD,BC=AD and AB=CD
Then AC = CA (common side)

AABC =~ AACD

" Exercise-10.2 .

@% 2 > 1, (iii) 2 i 3 i) 4 @iy 5. (iii)
6. 30° 7. 23°, acute angled triangle

8. From A4BC and ADEF
BC=EF, /B=/E, /C=/F
AABC =~ ADEF

9. From Agppand AABC
AD=BC, L4 = /B, AB = BA
AABD ~ A4ABC
..BD=AC, ZABD = ZBAC



/B< /A4 S.AO < BO ...

/C</D  :.0D<OC .. @)
equation (1) + (2)

.. AO+0OD < BO+0C

AD < BC

x> Ly

o ZPMN =180°—4x, /PNM =180°—/y

. ZPNM > /PMN (The larger side opposite to larger angle)
.. PM > NP

PO > PR

/PRQ > /POR

ZORS > ZROS

SO > SR

ZPQOR = ZPRQ

. /POS > /PRQ

.. PS> PO

Angles made at point C and R on a line AB and CD are half of 180°1.e. 90°. These
are opposite angles therefore the figure is rectangle.

(1) Alternate angle (i) ABCD is aparallelogram
LP=/0=90°

DP = OB

AB=DC

. AAPB ~ ACOD

‘ Exercise - 14.1 _

110 cm 2. 55.44 sq cm 3. 616 sqg meter




4.

1100 meter 5. 9 meter 6. 168 meter
Rs. 44,785.71 8. 25.6 cm, 269.5 sq cm
0 =60° 0. 4242 cem

3375 cubic meter 2. 8 cm
1 4 times (1) 9 times (111) n x ntimes or n? times
6 meter

(1) cubical peti, 40 sq cm (i1) cubical peti, 10 sqg cm

3 days 7. 4000 cubic cm 8. 12288 cubic cm
350 sq cm 10. 6 meter 1. 4167 bricks
Rs. 4320 13. 16000 14. 6cm, 41 15. 7 sheet

_ Exercise - 16.1 k

Class interval — width of class

Size of a class — the difference of class mark of two consecutive classes
Class mark — digit of class

Class frequency — frequency

Class limits — higher and lower limit of a class.

Inclusive class — the upper limit of a class should not be equal to lower limit of a
next class.
Exclusive class — the upper limit of a class should be lower limit of next class.

Maximum Temp. Tally Marks Frequency
(Month of August)

285 — 295 | 1
295 — 305 | 1
305 — 315 (N 2
315 — 325 (N 2
325 — 335 T 7
335 — 345 [T 4
345 — 355 [T 4
355 — 36.5 (N 2
365 — 37.5 W1 7
375 — 385 | 1




‘

4. Distance (in km) Tally Marks Frequency
0—5 L 5
5—10 AT AT 11
10 — 15 W U 12
15 — 20 AT 111 9
20 — 25 | 1
25 — 30 | 1
30 — 35 | 1
5.(1) Marks Tally Marks Frequency
0 I 2
1 Py 5
2 1 5
3 AT 1 8
4 [ 4
5 L1 5
6 [ 4
7 [ 4
8 LA 5
9 AT 111 8
(i) Zero (i) 3 and9
6. Production | 10—15|15—20|20—25|25—30 | 30—35 |35—40| 40—45 | 45—50
(in quintals)
Frequency 1 7 10 8 7 2 3
7(1) Hours of TV Tally Marks Frequency
programme
0—5 AT 111 8
5—10 AT LA 10
10 — 15 AT 6
15 — 20 11 3
20 — 25 11 3
25 — 30 [ 4
30 — 35 [ 4
35 — 40 I 2
(1) 0 (iii) 1520 (iv) 325 (v) 13



® b (i) (i) ¢
vy b V)
Time (in second) Frequency
15 — 25 3
25 — 35 5
35 — 45 5
45 — 55 8
55 — 65 4
(1) — Histogram

(G171 R— Frequency Polygon






